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SHAPE CLASSIFICATION OF METRIC COMPACTA
CHAPTER 1
INTRODUCTION
B o rsu k  began  in  an  a t te m p t  t o  c l a s s i f y  th e  p la n e  sh a p e s
V
by c l a s s i f y i n g  th e  s h a p e s  o f  p la n e  c o n t in u a .  He em ployed H ^ ( - , 7 ) /  t h e
V
f i r s t  Cech hom ology g ro u p  f u n c to r  w ith  i n t e g e r  c o e f f i c i e n t s ,  t o  demon­
s t r a t e  t h a t  t h e  ra n k  o f  t h e  g roup  p r o v id e s  an  o r d e r  p r e s e r v in g  b i j e c t -  
io n  b e tw e en  t h e  c l a s s e s  o f  p la n e  c o n t in u a  and th e  o r d in a l s  [n ,w ] .  He 
th e n  a t t a c k e d  t h e  m e t r ic  com pacta  by u t i l i z i n g  a  f u n c to r  A  from  th e  
c a te g o ry  o f  com pact s u b s e t s  o f  th e  H i l b e r t  cube and fu n d a m e n ta l s e q u ­
e n c e s  t o  t h e  c a te g o ry  o f  0 - d im e n s io n a l  com pact m e t r ic  s p a c e s  and  p e r f e c t  
m aps. F o r e a c h  compactum  X , A ( X )  i s  t h e  u . s . c .  d e c o m p o s itio n  o f  th e  
sp a c e  i n t o  c o m p o n e n ts , and  f o r  each  fu n d a m e n ta l  se q u en ce  f , A ( f )  i s  a  
p e r f e c t  map in d u c e d  by  t h e  s e q u e n c e . F o r a  shape  e q u iv a le n c e ,  A ( f )  i s  a  
hom eom orphism  w hich  maps e a c h  com ponent t o  one o f  t h e  same s h a p e . 
H ow ever, tw o  s im p le  p la n e  com pacta  f o r  w h ich  t h e r e  e x i s t s  a  homeomorph­
ism  o f  com ponent s p a c e s  w i th  t h i s  p r o p e r t y  w ere shovm t o  h av e  d i f f e r e n t  
s h a p e s .  B o rsu k  c o n c lu d e d  by d e s c r ib in g  t h e  p rob lem  o f  c l a s s i f y i n g  th e  
p la n e  com pacta  a s  "an  o p e n , and a  r a t h e r  d i f f i c u l t  p ro b le m " .
We have  d e v e lo p e d  c l a s s i f y i n g  o b j e c t s  f o r  t h e  p la n e  com pacta  
by a d d in g  t o  B o r s u k 's  s p a c e  o f  com ponen ts and a s s ig n m e n t o f  o r d in a l s
1
d e s i^ a t in < y  sh a p e  a  m eans o f  e x p r e s s in g  t o p o l o g i c a l l y  th e  u n iq u e  way 
in  w h ich  th e  com ponents c o n v e rg e  t o  one a n o th e r .  Our d e f i n i t i o n s  a r e  
p h ra s e d  in  a  g e n e r a l i t y  s u f f i c i e n t  t o  a p p ly  t o  a l l  m e t r ic  co m p a c ta .
V
We b e g in  by ex am in in g  th e  k th  Cech hom ology g roup  o f  a  m e t r ic  com pact­
um f o r  a  p o s i t i v e  i n t e g e r  k and a  com pact H a u s d o rff  a b e l i a n  to p o lo g -
V
i c a l  g ro u p  G a s  c o e f f i c i e n t  g ro u p . W ith in  H^(C,G) t h e r e  i s  a  com pact 
su b s p a c e  com posed o f  t h e  c l a s s  o f  a l l  b o u n d in g  c y c le s  and th e  homo­
lo g y  c l a s s e s  o f  n o n -b o u n d in g  c y c le s  p ro d u ced  by s in g l e  c o m p o n en ts .
T h is  one p o i n t  u n io n  o f  g r o u p s ,  d e n o te d  by S ^ /C ,G ), can  be l in k e d  in  
a  n a t u r a l  way by  a  r e l a t i o n  t o  t h e  b a s e  sp a c e  A (C ) o f  com ponents o f  
C, and  t h i s  p r o v id e s  a  new ty p e  o f  o b j e c t ,  S ^ (C ,G ). The to p o lo g y  o f  
t h e  b a s e  sp a c e  d e s c r i b e s  t h e  c o n v e rg e n c e  o f  t h e  com ponents o f  C, 
w h e re as  t h e  to p o lo g y  o f  t h e  t o t a l  sp a c e  S ^/C ,G ) d e s c r ib e s  t h e  conv­
e rg e n c e  o f  t h e  c l a s s e s  o f  c y c le s  c a r r i e d  by in d iv i d u a l  co m p o n en ts . 
M orphism s b e tw een  t h e s e  o b j e c t s  f o r  d i f f e r e n t  com pacta  a r e  d e f in e d  
so  a s  t o  c r e a t e  a  ra n g e  c a te g o ry  f o r  a  f u n c to r  S ^ ( - ,G ) .
When G h a s  a  m u l t i p l i c a t i v e  s t r u c t u r e  w hich makes i t  a  f i e l d ,  
th e n  i t  i s  p o s s i b l e  f o r  e a ch  o f  th e  g ro u p s  L« w i th in  S^(C ,G ) t o  b e  a  
com pact v e c to r  s p a c e  o v e r  G, and  one may som etim es choose  a  Sc h a u d e r  
b a s i s  f o r  e a c h  L ^. I n  p a r t i c u l a r ,  a  t o p o lo g i c a l ly  m e a n in g fu l s e t  o f  
b a s e s  can  a lw ay s  be c h o sen  f o r  when C i s  a  compactum in
e u c l id e a n  N s p a c e  by  c o n s id e r in g  a  d e f in in g  se q u en c e  M f o r  C. In  t h i s  
c a s e  a  s u b s p a c e ,  d e n o te d  by S t r „  ^ ( ’0 ,  w hich i s  th e  u n io n  o f  s e t s  L« 
o f  augm ented  b a s e s  in  Let i s  s e l e c t e d .  I t  i s  l in k e d  by a  m apping  t o  th e  
sp a c e  o f  co m p o n en ts . T h is  c r e a t e s  an  o b j e c t  S t r ^  ^(M) w hich i s  a 
s u b o b je c t  o f  in  a  weak s e n s e ,  f o r  i t  b e a r s  no a l g e b r a i c
3
s t r u c t u r e .  The f u n c t i o n  S tr^,  ̂ i s  n o t  f u n c t o r i a l ,  and i t  i s  n e c e s s a ry
t o  show t h a t  i t  i s  a  shape  i n v a r i a n t .  T h is  i n v a r i a n t  y i e l d s  f o r  th e
compactum t o p o l o g i c a l  in fo rm a t io n  v/hich i s  v e i l e d  hy th e  p.roup s t r u c t ­
u re  c a r r i e d  by t h e  v a lu e s  o f  S,, F o r e x a m p le , th e  augm ented
b a s e s  1% , e a ch  com posed o f  c l a s s e s  o f  n o n -b o u n d in g  c y c l e s ,  c o rre s p o n d  
to
' T
1) s o t s  o f  com ponents o f  S ' -  Cn,
2 ) s u b s e t s  o f  Cot-uhich bound th e s e  co m p o n en ts .
Fe a l t e r  t h e s e  c o l l e c t i o n s  s l i g h t l y  and th e n  form  th e  u n io n  o f  e a c h . 
T o p o lo g ie s  a r e  d e f in e d  f o r  each  u n io n , and  th e r e f r o m  o b j e c t s  iso m o rp h ic  
t o  S tr^j ^ (! î)  a r e  c r e a t e d .  These iso m o rp h ism s e x p re s s  a new k in d  o f
' T
d u a l i t y  f o r  a compactum  in  S ' ,  y i e l d in g  more in fo r m a t io n  th a n  can  be
o b ta in e d  from  p u re  hom ology and cohom ology g ro u p s .
The w ork i s  a r ra n g e d  a s  f o l lo w s .  I n  t h e  f i r s t  c h a p te r  th e  now
i n v a r i a n t s  a r e  d e f in e d  and t h e i r  b a s ic  p r o p e r t i e s  e s t a b l i s h e d .  They
a r e  u sed  t o  c l a s s i f y  th e  p la n e  com pacta  and th e  t o r o i d a l l y  d e f in e d  
3subcom pacta  o f  P.' . In  th e  second c h a p te r  d u a l i t y  r e l a t i o n s  a r e  i n t r o ­
d u c e d . In  th e  t h i r d  c h a p te r  we fo rm u la te  a  c o n d i t io n  n e c e s s a ry  and 
s u f f i c i e n t  f o r  tw o u . s . c .  d e c o m p o s itio n s  o f  th e  2 - s p h e r e  g e n e ra te d  
by com pacta  t o  be e q u iv a le n t  u n d e r  a hom eomorphism o f  p a i r s .  A 
c o r o l l a r y  d e m o n s t ra te s  t h a t  th e  two com pacta  m ust have  th e  same s h a p e , 
in  s h a rp  c o n t r a s t  t o  t h e  s i t u a t i o n  in  t h e  3 - s p h e r e .
E xpense h a s  p re v e n te d  us from  i n c lu d in g  th e  seco n d  and t h i r d  
c h a p te r s  a s  p a r t  o f  t h i s  copy . They w i l l  be  s u b m it te d  e ls e w h e re  f o r  
p u b l i c a t i o n .
CHAPTER II
CLASSIFICATION BY INVARIANTS
1 . P r e l im in a r y  d i s c u s s io n  and n e c e s s a r y  n o t a t i o n .  Vfe s h a l l
a p p ly  th e  v e r s io n  o f  s h a r e  th e o r y  f o r  m e t r ic  com pacta  e x p re s s e d  in
te rm s  o f  ANR se q u e n c e s  and m appings o f  sy s te m s  d e v e lo p e d  in  [ o o ] .
For e a c h  p o s i t i v e  in te .y e r  n ,  w i l l  be an  ANR (com pact m e t r ic )  sp a ce
and i^^^  : a  c o n tin u o u s  b o n d in g  map. The seq u en ce  i s
s a id  t o  be a s s o c i a te d  w ith  t h e  s p a c e  C i f  C = in v  lim  ( M ,i ) ,  T here  i s
a  f u n c t io n  c from  th e  p o s i t i v e  i n t e g e r s  t o  th e m s e lv e s  such  t h a t  c ( n )
i s  th e  num ber o f  com ponents o f  N . Ne d e n o te  th e  com ponents o f  Î1 bvn • n  -
M . f o r  1 — i  c ( n ) .  T h e re  i s  a  s e t  A o f  s e q u e n c e s « (o f  p o s i t i v e
p j j
i n t e g e r s  eC(n) s u b je c t  t o  th e  c o n d i t io n s ;  1 ) 1 6  0 ((n )  2 E c (n )  and 2 )
leC n+lJ — ‘ 'n oL (n)’ su c h  t h a t  e a c h  com ponent o f  C i s
th e  in v e r s e  l i m i t  o f  t h e  se n u en c e  (m , i  , w here  N = M v andn n ,« l(n )
V *  " ' q , p  e q u a l  t o  i q + l ' l q + 2 ' ' " i p  '' % ------
I , "  .
l»P* P
and V *  be V
q, p  q,
Ne u se  t h e  n o t a t i o n  f  h tP  g t o  i n d i c a t e  t h a t  th e  c o n tin u o u s
map f  i s  hom oton ic  t o  g , A m apping ( f , ^ ' '  o f  sy s te m  (M ,i)  t o  i s
a  p a i r  o f  se o u e n c e s  w ith in  an  i n c r e a s in g  nap  o "  th e  p o s i t i v e  i n te g e r s
in to  th e m s e lv e s  and f  a  c o n tin u o u s  man o f  ’L ,, \ t o  M w ith  t h e  p ro p -n r ( n )  - n
e r t y  t h a t  f o r  e a ch  n we hav e  i  * f„  f  .  "V, . . The  c o n c e p t o f—n n  -------  n -1  y ( n - l ) / f ( n )
hom otop ic  m appings o f  sy s te m s  i s  a s  i n Q n ] .
We d e s i r e  t o  com pute th e  Cech hom olo^v p ro u p s  H ^(C ,C ), w here 
G i a  a  com pact H a u s d o r f f  a b e l i a n  t o p o lo y i c a l  " ro u p  ( h e r e a f t e r  d e n o t­
ed by th e  s]/mbol CTAG). The c o n t i n u i t y  th eo rem  [ ig ]  f o r  com pact 
s p a c e s  and  a  CTAG a s  c o e f f i c i e n t  g roup  a s s e r t s  t h a t  t h e r e  i s  a  n a t -
V V , V
u r a l  e q u iv a le n c e  be tw een  H^(C,G ) and  in v  lim  (H^ M, H ^ 'i ;G ) .  F o r an  
ANR (com pact m e t r i c )  a l l  hom ology t h e o r i e s  w hich s a t i s f y  th e  axiom s 
in  [ ï f ]  a g re e  in  v a lu e .  He t h e r e f o r e  a p p ly  t o  t h e  se q u e n c e  ( H ,i )  
t h a t  f o rm u la t io n  o f  a  hom ology th e o r y  w hich  a t  th e  moment i s  m ost 
c o n v e n ie n t .
H y p o th e s is  1 .1 .  L e t G be a  f ix e d  CTAG u n t i l  s e c t i o n  6 .
2 . The f u n c to r  G
The dom ain o f  w i l l  be th e  s e t  o f  ANR se q u e n c e s  and m appings
o f  s y s te m s . The ra n g e  w i l l  be th e  c a te g o ry  o f  0 - d im e n s io n a l  m e t r ic
com pacta  and c o n tin u o u s  m ap p in g s . We a p p ly  t h e  com pact H a u s d o rff  a b e l i a n
t o p o lo g i c a l  g ro u p  f u n c t o r  H ^ (-,7 .^ ) to  th e  se q u en ce  ( : ! , i ) .  F o r e a ch
ANR H^(N^) i s  a  f r e e  a b e l i a n  2 -g ro u p  g e n e ra te d  by  a  s e t
{m . I 1 i  i  SS c ( n ) j  ,  w here  m . c o rre s p o n d s  t o  t h e  com ponent N n , ] '  n,-] n , ]
o f  L e t d e n o te  t h e  c o n tin u o u s  homomorphism m apping
I  . .  t a k e s  e a ch  g e n e r a to r  m . . t o  th e  g e n e r a to r  m . c o r r e s p o n d -  n+1 n + 1 ,]  n , i
in g  t o  t h e  com ponent M . in  w hich i  . |n   ̂ ^  l i e s .  We s h a l l  d e f in en , i  n+iL n+l,q*
S ^ (M ,i)  t o  be  a  g e o m e t r i c a l ly  s i g n i f i c a n t  s u b s e t  o f  in v  lim  (H ^'M , I ) ,
*rrw hich i s  a  su b sp a c e  o f  N^(N^) p ro v id e d  w ith  th e  Tychonov t o p ­
o lo g y . The s e t  S^(N) i s  d e f in e d  a s  t h e  im age o f  th e  u . s . c .  d e c o m p o s it­
io n  s p a c e A (C )  u n d e r  a  m apping  T,  ̂ d e f in e d  a s  f o l l o w s .  F o r each  comp- 
o n e n t G,* o f  C t h e r e  i s  a  u n iq u e  se q u e n c e  (N , i  ) su c h  t h a t  C ^eq u a ls
in v  l i n  ( M * ,i^ ) .  To e a c h  t h e r e  c o r r e s p o n d s  a  g e n e r a to r  o f
H-(M ) .  L e t T,,(C ) b e  t h e  se q u en ce  n * s o  d e f i n e d .  B ecause  I  (n  * )  u n  il n+1 n+1
e q u a ls  n ^ "^  t h e  se q u e n c e  i s  a  th r e a d  o f  t h e  i n v e r s e  l i m i t  o f  
D e fin e  t h e  to p o lo g y  on S^(M) t o  b e  th e  to p o lo g y  in d u c e d  on th e  s e t
■ I CO
from  th e  p ro d u c t  11 . T h is  to p o lo g y  i s  th u s  t h e  to p o lo g y  o f
c o o r d in a te w is e  c o n v e rg e n c e . F o r a  s u b s e t  B o f  a n  in v e r s e  
l i m i t  o f  a  s e q u e n c e  o f  d i s c r e t e  s p a c e s ,  t h i s  to p o lo g y  h a s  t h e  s p e c i a l  
p r o p e r ty  t h a t  f o r  a  t h r e a d  m * t h e  s e t  o f  o p en  s e t s  ^ p  ( p€B and  p^= 
m ^ J f o r  k 2 1 i s  a  l o c a l  b a s i s  a t  n**. F o r a  m apping  ( f , Ÿ )  from  sy s tem  
(M ,i)  t o  ( M , i ) ,  t h e  v a lu e  o f  S _ ( f )  i s  d e f in e d  t o  be th e  r e s t r i c t i o n  
o f  in v  l im  ( H ^ . f , Y ) t o
We now shov; t h a t  i s  a  f u n c t o r .  We m ust f i r s t  d e m o n s tra te  
t h a t S ^ ( f )  maps i n t o  S ^ ( ^ ) .  C o n s id e r  t h a t  f o r  each  n th e  d iag ra m0 ' - '  "O'
( 2 . 1 )
M Y ch) fA
n+1
-  M
comm utes up t o  hom otopy . F o r  a  se q u en c e  M g e n e r a t i n g  a  com ponent
o f  C, f  m ust man W,*, . f o r  each  n t o  an  A'lR com nonent W or  • ^n V(n) n ,g (n .i  so  t n a t
th e  d iag ra m
(2 , 2 )
M h, @(n) <-
-«♦•I ^
M VC"»,;
* * ( ,  ^ C n « )
c o n n û te s  up to  h o n o to p v . H ere f  f  l ’î,^  ^  . Thus t h e  se q u e n c e  Î1 ®n n l  f ( n )  '  —
i s  an  ANR se q u en ce  f o r  sone  co n p o n e n t in v  l i n  ( M ^ , i ^  o f  t h e
c o n p a c tu n  G_ g e n e ra te d  by  We n ay  o b s e rv e  t h a t
H . ( f  *y.., , . ^ , ) ( n  , ; * )  = ) (n _ ^ ,* ^ ) .
O' n i y ( n ) ,# ( n + l )  n+1 —n+1 0 n+1 n+1
The r i ^ h t  s id e  o f  t h e  e q u a t io n  e q u a ls  and th e  l e f t  s id e
e q u a ls  H _(f ) (n * ^ )  = n B ecause  I  (n  = n -Q , th e  t h r e a d  i sO n  n —n n+1 —n + l n
n o t  o n ly  a  th r e a d  o f  t h e  i n v e r s e  l i m i t  b u t  i s  a l s o  t h e  in a ^ e  o f  a
com ponent £ ^ o f  £  u n d e r  t h e  n a p p in q  T,^.
Lenna 2 . 3 . F o r (M ,i)  t h e  m appinq 8 ^ ( 1 ,1 )  i s  t h e  i d e n t i t y
n a p p in q  on S^(M ). F o r f  : ( M ,i ) ' 
S g C s 'f )  = 8 ^ ( q ) * s ^ ( f ) .
'( N , i )  and  q : (M ,i)«
T h is  fo l lo w s  from  t h e  f a c t  t h a t  8^ i s  th e  r e s t r i c t i o n  o f  th e
V
f u n c to r  H^, and o u r  d e n o n s t r a t i o n  t h a t  th e  in a q e  o f  8^(M) u n d e r  8 ^ ( f )  
l i e s  w i th in  8 ^ ( £ ) .
Lenna 2.%-. The n a p p in q  8 ^ ( f )  i s  c o n tin u o u s .
V
B ecause  th e  f u n c t o r  c o n v e r t s  a n a p p in q  o f  sy s te m s  t o  a 
c o n tin u o u s  m an D in q ,th e  r e s u l t  f o l lo w s  d i r e c t l v .
Lemna 2 .5 .  I f  f  and  q a r e  h o m oton ic  n a n p in q s  o f  s y s te m s ,  th e n
s „ ( f )  = s „ ( n ) .
The m app ings H ^ (f)  and a r e  e q u a l ,  so  t h a t  t h e i r  r e s t r i c t ­
io n s  t o  S|^(M) a r e  e q u a l .
Lenina 2 .6 .  The m apping in v  l i n  ) i s  c o n t in u o u s .
I t  i s  c l e a r  t h a t  f o r  a  compactum  C th e  m apping T̂  ̂ p r o v id e s  
a  b i s e c t i o n  o f  t h e  d e c o m p o s itio n  s p a c e  A ( ^ )  o n to  S^fM) f o r  e a c h  
ANR se q u e n c e  f o r  C. We se e  t h a t  a l l  sh a p e  e q u iv a le n t  sy s te m s  l e a d  to
iso m o rp h ic  v a lu e s  o f  S„.0
Lemma 2 .7 .  The m apping T,  ̂ i s  a  hom eom orphism.
C o n s id e r  a  com ponent o f  C and a  b a s i c  open  n e ig h b o rh o o d  
B o f  m*̂  = Tj^(C^) in  S^(H) o f  th e  fo rm  £ p (  P f  and p^= n ^ ^  f o r
some l i f e  1 .  The o pen  s e t  D = |  K € A ( C )  and K * lie s  i n  M^"*Jof A ( C)
i s  mapped by  T,, i n t o  B. (H ere K- i s  t h e  im age o f  K u n d e r  t h e  1 th  
p r o j e c t i o n  from  C . )  Thus T̂  ̂ i s  c o n tin u o u s  a t  e a ch  co m p o n en t, and 
b e c a u se  B^(H) i s  a  T^ sp a ce  and  A ( ) i s  co m p a c t, i t  i s  a  homeomorph­
ism .
We may p ro c e e d  f u r t h e r  and  show t h a t  A  i s  n a t u r a l l y  e q u iv a le n t  
t o  a  f u n c t o r  d e r iv e d  from  F o r e a c h  m e t r ic  compactum c h o o se  an  ANR 
se q u en c e  ( M ( C ) , i ( C ) ) .  Then th e  f u n c t io n s  from  A ( C )  t o  B ^(’!(C ))
d e f in e  a  n a t u r a l  e q u iv a le n c e  from  t h e  f u n c t o r  A  t h e  :^ u n c to r S ^ " .
P
Here (C ) = S ^ ( H ( C ) , i ( C ) ) .  We s h a l l  d ro p  th e  s u p e r s c r i p t  vihen th e r e  
i s  no d a n g e r  o f  c o n fu s io n .
T h e re  i s  a  n a tu r a l  e q u iv a le n c e  N from  th e  f u n c t o r  in v  l im  *H  ̂
to  H ^ 'in v  lim  on th e  c a te g o ry  u n d e r  c o n s id e r a t io n  Li^*I • The second  
f u n c to r  i s  i n t r i n s i c  in  n a tu r e .  Form f o r  each  se q u en ce  ( H , i )  th e  
r e s t r i c t i o n  Ng(N) o f  N(M) t o
Lemma 2 .B . The f u n c t io n  i s  a  n a t u r a l  t r a n s f o r m a t io n  from
s  t o  a  f u n c t o r  H„ whose v a lu e s  a r e  w e l l  d e f in e d  s u b s e t s  o f  th e  i n t r -  O b
i n s i c a l l y  d e f in e d  0 th  Cech hono logy  g roup  f u n c t o r  v a lu e s .
T h u s , i f  M and M_ a r e  e q u iv a le n t  sy s te m s  f o r  C u n d e r  f ,  th e n  
th e  d iag ram y
S o  C M )
com m utes.
3 , The f u n c t o r  ( - , G ) .
L e t k  à  1 . We s h a l l  d e f in e  th e  f u n c t o r  w ith  dom ain
th e  s e t  o f  A'lR se q u e n c e s  and m appings o f  s y s te m s . I t s  ra n g e  w i l l  be 
t h e  c a te g o ry  o f  m e t r ic  com pacta  and c o n tin u o u s  m app ings. To t h e  s e q ­
u en ce  (M ,i)  a p p ly  t h e  f u n c to r  H ^ ( - ,C ) .  L e t L = in v  l im  (H^*M ,H^*i) 
in  t h e  c a te g o r y  o f  com pact T^ a b e l i a n  t o p o lo g i c a l  g ro u p s . The sp a c e  
L b e a r s  th e  to p o lo g y  o f  c o o rd in a te w is e  c o n v e rg e n c e . F o r e a ch  comp­
o n e n t C a^o f C t h e r e  i s  a  u n iq u e  seq u en ce  M * o f  AWR com ponents and j** 
o f  em beddings su c h  t h a t  t h e  d iag ram
( 3 .1 )
M  n *  v  -  —r  — ^  ^  n
t c  '  t ,I '•»**» I  1**1
— — — > M...
com m utes, '^he se q u e n c e  ( i * , l  ) c o n s t i t u t e s  a  m apping from  th e  sy stem  
(M**,i*^) t o  ( W ,i ) .  A pply t h e  f u n c to r  t o  t h e  d iag ram  ( 3 . 1 ) .  L e t
C "  L t l  = " k ' V d -  resu lt in g
10
d iag ram
( 3 .2 )
H it ( M * )
K k -------------------- ------
T *w n * i
JL h v i
( I A . . . )
i s  a l s o  c o m m u ta tiv e . The seq u en ce  ( J , l )  c o n s t i t u t e s  a  m apping o f  th e
se q u en c e  t o  !Iow i s  an  open and c lo s e d  s u b s e t
o f  M , so  t h a t  J * i s  an  em bedding i n t o  t h e  g ro u p  fL (M ) .  The g ro u p  
n n K n
H (M * )  i s  com pact and H, (M ) i s  H a u s d o r f f ,  so  t h a t  H, (M *^) i s  a  c lo s e d  k n - k n  k n
s u b s e t  o f  From t h i s  we may d e d u c e  t h a t  = in v  lim
i s  a  c lo s e d  t o p o lo g i c a l  g roup  em bedding o f  L** = in v  lim  
a s  a  c lo s e d  su b g ro u p  o f  L . Each t h r e a d  t  o f  L ^ is  mapped t o  J ^ ( t )
o f  L. We s h a l l  i d e n t i f y  ( t )  w ith  t  when c o n v e n ie n t .
S uppose  C# ^ Cm, t* * £ L -^ o J , and  Then d-,T(t**) ^
F o r  t h e r e  e x i s t s  an  i n t e g e r  p su c h  t h a t  ^ I!^ and  n e i t h e r
o f  th e  p th  c o o r d in a te s  o f  Jeo^Ct*) and  J@ ^ (t^ )  a r e  z e ro .  H ow ever, H, (M )K p
c o n ta in s  H, (M ) O  H, (M ^ )  a s  a  d i r e c t  summand. T h e re fo re  t h e  n th  co o rd - k  p k p
i n a t e s  o f  t h e  tw o e le m e n ts  in  L m ust d i f f e r .  When C^ ^ Cg , t h e n
* f ) ] .
We d e f i n e  S k (M ,i;G ) , w hich  we s h a l l  o f t e n  d e n o te  by S ^ (H ), to  
be th e  u n io n  U  €  A& , p ro v id e d  w i th  th e  to p o lo g y  in d u c e d  from
L.
L e t  i  . : M n , i . be t h e  i n c l u s io n  m anpin^ and Jn , i  n n , i
^ ) .  S uppose  t h a t  x £  and y  = ( x ) .  F o r each  n ,  H^(H_) =
c ( n )
T T i  =1 j  ) w ith  th e  p ro d u c t  to p o lo g y .  T'he n th  c o o r d in a te  y^
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o f  y  i s  a  c ( n )  t u p l e  and o n ly  t h e  •C (n ) th  c o o r d in a te  y^ a t(n )
d i f f e r e n t  from  z e r o .  C le a r ly  y  . = x . The s e t  o f  s e t s  4Tzl z tg•^n,ei(n) n w i ^
S^(M) and f o r  e a ch  i ,  l a £  i  ^  c ( n z ^ t T T " ^ _ ^ ^  D. ,  w here  n  t  1 
and  i s  a n  open  n e ig h b o rh o o d  o f  y ^  i s  a  s e t  o f  b a s ic  open  n e ig h ­
b o rh o o d s  o f  y  in  S^(M ). T h is  l o c a l  b a s e  becom es s im p le r  when e a c h
V m . ) i s  a  d i s c r e t e  g ro u p . Then we f i n d  t h a t  t h e  s e t  o f  s e t sn*]
£ z  I z €  S^(M) and  z^  = y^*J f o r  n  >  1 i s  a n  open  l o c a l  b a s e  a t  y .
S ippose t h a t  ( f , ^ )  i s  a  m apping  from  th e  sy stem  ( H , i )  f o r
C t o  th e  sy s te m  f o r  C_. We s h a l l  d e f in e  t h e  m apping S ( f )  from
S^(H ) t o  We have  se e n  t h a t  f o r  ea ch  n  t h e r e  i s  a  hom otopy
com m uta tive  s q u a re
( 3 .3 )
I 1
•fi. k . .
F o r  each  com ponent o f  C t h e r e  i s  a  com ponent C_^of C_ su c h  t h a t  t h e  
t r u l y  co m m u ta tiv e  s q u a re s
( 3 .4 )
J  *
^ 'C n i -------------------------------- — »  n
j /
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fo rm  a  m orphism  o f  t h e  l a d d e r  w i th  hom otopy com m uta tive  s q u a re s
( 3 .5 )   ̂ ^







i n t o  t h e  l a d d e r  w i th  s q u a r e s  ( 3 . 3 ) .  A p o r t i o n  o f  a  p r o j e c t i v e  v iew  
o f  th e  r e s u l t i n g  t h r e e  d im e n s io n a l  d iag ram  i s
( 3 .5 )
—  H v w
I
/
—  M  »
7










We may a p p ly  th e  k th  hono logy  g ro u p  f u n c t o r  t o  th e  d ia g ra m  ( 3 . 6 ) .  
% e n  we do so  t h e  m app ings in  t h e  h o r i z o n t a l  p la n e s  a r e  c o n v e r te d  to  
c lo s e d  em b ed d in g s , an d  th e  t h r e e  d im e n s io n a l  d iag ram  i s  c o n v e r te d  t o  
th e  co m m u ta tiv e  d ia g ra m  o f  t o p o lo g i c a l  g ro u p s  and m orphism s b e lo w . 
( 3 .7 )
Wic(HyCn)) 4-
From ( 3 .7 )  we c a n  c o n c lu d e  t h a t  in v  l i n  ( H ^ ' f ^ )  i s  a  c o n tin u o u s  
homomorphism from  in v  lim  (H ^ * M ,K ,/i)  t o  in v  lim  and
in v  l i n  (H^'f**,*^) i s  a c o n tin u o u s  homomorphism from  in v  lim  (:p 
lij^’ i*^) t o  in v  lim  (H^__*^^,H^/i®). M oreo v er, th e  m apping in v  lim  
( H ^ 'i  ,1 )  and  th e  m apping  in v  l im  (H ^’ j  ,1 )  a r e  c lo s e d  g ro u p  embed-
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d in g s  m aking th e  d iag ra m
( 3 - 8 )  « . « V  L . „
I t r  c 0
I " "  (H k -M, I )
i !S
I 'M  ( r i K - t a . - i )
comm ute, ' le r e w r i t e  th e  d iag ra m  f o r  b r e v i t y  
( 3 .9 )  i n  *
1 Vw
± 0
We may f o l lo w  e le m e n ts  b e lo n g in g  to  S^(M) u n d e r  t h e  m apping F . The
th r e a d  t  i s  ta k e n  by F t o  th e  th r e a d  s w ith  s  = PL ( f  ) ( t ^ ,  ^) .  Then k n rC n )
d iag ra m  ( 3 ,8 )  shows t h a t  when t  C , t h e  im age o f  L |j, t h e n  F 
c o n v e r t s  i t  t o  a  th r e a d  in  l ie  t h e r e f o r e  c a n  d e f in e  S ^ / f )  to  be 
th e  m apping w h ich  a c t s  in  t h i s  way on e a c h  t h r e a d  in  (M ). We 
o b s e rv e  t h a t  S ^ ( f )  c an  be  i d e n t i f i e d  w i th  t h e  r e s t r i c t i o n  o f  F t o  
\ V A ) .
Lemma 3 .1 0 .  I f  g i s  a  m apping from  th e  sy s tem  (W_j_i) t o  th e  
sy s te m  ( ’! , i )  f o r  th e n  S ^ / g 'f )  = S ^ / g ) '  S ^ ,( f ) .
T h is  f o l lo w s  from  th e  f a c t  t h a t  th e  v a lu e s  o f  f o r  th e  
m appings can  be i d e n t i f i e d  w ith  th e  r e s t r i c t i o n  o f  th e  m apping o b t a i n -
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ed by a p p ly in g  th e  f u n c t o r s  and in v  l im .
I t  i s  c l e a r  t h a t  t h e  fo llo w in g  a r e  t r u e .
Lemma 3 .1 1  . I f  ( 1 ,1 )  i s  th e  i d e n t i t y  m apping f o r  ( M ,i ) ,  
th e n  S ^ C l j l )  i s  th e  i d e n t i t y  m apping f o r  S^(M ).
Lemma 3 .1 2 . I f  f  and g a r e  hom otop ic  m app ings o f  sy s te m s  
from  (M ,i)  t o  (h ,_ i) , th e n  S ^ ( f )  = S ^ /g ) .
The p ro o f  f o l lo w s  by t h e  u se  o f  w e l l  knovm te c h n iq u e s  when 
th e  m app ings S ^ / f )  and S ^ /g )  a r e  i d e n t i f i e d  w ith  r e s t r i c t i o n s .
Lemma 3 .1 3 . Me may t h e r e f o r e  c o n c lu d e  t h a t  i s  a  c o v a r i a n t  
f u n c t o r  from  th e  c a te g o ry  o f  A’lR se q u e n c e s  and m appings t h e r e o f  t o  
th e  c a te g o r y  o f  0 -d im e n s io n a l  m e t r ic  com pacta  and p e r f e c t  m aps. The 
f u n c t o r  f a c t o r s  th ro u g h  th e  hom otopy c a te g o r y  o f  maps o f  s y s te m s . 
Lemma 3 .1 4 . The sp a c e  (h )  i s  com pact.
The p ro o f  o f  t h i s  a s s e r t i o n  em ploys lemma ( 3 .1 4 .1 ) .
Lemma 3 .1 4 .1 .  Suppose t h a t  s  t  L and N i s  a  p o s i t i v e  i n t e g ­
e r  su c h  t h a t  s X 0 and  f o r  each  n Z L 'I  t h e r e  e x i s t s  a  com ponent A
o f  H w ith  th e  p r o o e r ty  t h a t  s €  J  .F li (A )~|, w here A = M'n  '  n  n , ] 4  n  -1’ n n , ]
Then s  6  s j^ (h ) .
L e t M ^  be A f o r  n %  R. f i n i t e  in d u c t io n  dowmvrard l e t  n  n
H * f o r  n  <  'I be th e  u n iq u e  com nonent o f  M in  w hich i  .F m .** j  n  * n n+1^ n+1
l i e s .  F o r each  n ,  H, (M ) i s  t h e  f i n i t e  d i r e c t  p ro d u c t  o f  11 (M . )k n K n , ]
f o r  a l l  com nonents M . o f  ?! . The m apning I  , .  mans each  su b sn a c en , i  n n+1
H, (?! . . ) o f  h, (y  ) i n to  th e  su b sn ac e  h, ( ’! . )  o f  K, ('•’ ) f o r  t h ek n+1,1 K n+1 k n , i  k n
com nonent ’! . i n  w hich i  . . J l i e s .  S u t I  . ( s  . )  = s b e c a u sen , ]  n + iu  n + 1 ,1  n+1 n+1 n
s i s  a  th r e a d  o f  th e  in v e r s e  l i m i t ,  so  t h a t  A . S .  A f o r  n — R.n+1 n
C o n se q u e n tly  s  4  L^,
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To p ro v e  le n n a  (3 .1% ) we show t h a t  S^(M) i s  a  c lo s e d  su h sp ac e  
o f  L . Suppose t h a t  t  i s  a  se q u e n c e  o f  t h r e a d s  o f  S = S^/M) conver% inR
t o  s  i n  L . I f  s  = 0 , th e n  i t  b e lo n g s  t o  S . I f  s  ^ 0 , t h e r e  i s  a  l e a s t
i n t e g e r  N su c h  t h a t  s^j f  H. Then s ^  /  0 f o r  n — N. ’Tow s^  i s  a  c (p )
t u p l e  in  HI . _ H,(M . ) .  Take a  b a s ic  onen  n e ig h b o rh o o d  H =
— 1 ~ K p , ]
TT c(9 -' •  i  ^ 1 n .  o f  s  . I f  th e  i t h  c o o r d in a te  o f  s  i s  d i f f e r e n t  from  
] P P
z e r o ,  c h o o se  so  t h a t  0 ̂  . B ecau se  t  c o n v e rg e s  t o  s ,  t h e r e  i s
an i n t e g e r  I ( p )  such  t h a t  when i Z .  I ( n ) ,  t ^ ^  b e lo n g s  t o  H. But
t h e  P th  c o o r d in a te  o f  t ^ ^ ^ \  b e lo n g s  t o  J  .[H. (M . ) l  f o r  some co n p -
P»3*“ k p , ] J
o n e n t M . o f  M , t h a t  i s ,  o n ly  t h e  i t h  s l o t  i s  d i f f e r e n t  from  z e ro .
P , ]  P
T h is  f o r c e s  a l l  b u t  th e  j t h  s l o t  o f  s ^  t o  be e q u a l  t o  z e r o .  T h u s , s^
b e lo n g s  t o  J  T h, (M . j . L e t A = M . .  TTow we c an  a p n ly  le n n a  
P , ] l  k P ,]  J  P P , l
3 .1 4 .1 .
4 .  The r e l a t i o n a n d  nanninvC T,^. The c l a s s i c a l  m eans f o r  
r e l a t i n g  and  i s  t h e  n o t io n  o f  a  p a i r  o f  s p a c e s  and a  se q u en c e  
o f  b o u n d a ry  o p e r a t o r s .  H ere we s h a l l  r e l a t e  and th ro u y h  a  c o n t ­
in u o u s  n a p p in p  <Pĵ  and a  r e l a t i o n  w hich  i s  an e x te n s io n  o f  i t .  Each 
n o n - z e r o  t h r e a d  t  o f  S^(M) b e lo n g s  t o  sone  su b y ro u p  L ^ f o r  some comp­
o n e n t  C ^ o f  C. To e a ch  c o r r e s p o n d s  a  u n iq u e  ANR se q u e n c e  M , and 
t o  t h i s  se q u e n c e  c o rre s p o n d s  a  u n iq u e  th r e a d  n ^  o f  S ^ (H ). We t h e r e ­
f o r e  d e f in e s ^  so  t h a t  0 ^ ( t )  = m . The r e l a t i o n  6 ^  i s  d e f in e d  a s  
9 ‘ \ J  A m akinq e a c h  th r e a d  o f  S^(M) c o rre s p o n d  t o  th e
common z e ro  o f  a l l  t h e  q ro u p s  . ( When k i s  f ix e d  th ro u g h o u t  a 
d i s c u s s i o n ,  we s h a l l  d ro p  i t  a s  a  s u b s c r i p t . )
The m apping can  be  d e s c r ib e d  in  te rm s  o f  m appings o f  i n d iv i d ­
u a l  c o o r d in a te s  th e  th r e a d s  t  and  m. F or each  i n t e g e r  n f o r  w hich
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i s  n o t  z e ro  we d e f in e  a  m apping f r o n  th e  s u b s e t  ( J  ^
“ T T i  = " - o ' - V - ^ y  ab u se  =>?
lan%uap;e we s h a l l  sp e a k  when c o n v e n ie n t  o f  n a p p in g  ^ -  C'^J •
The m apping  i s  d e f in e d  on e a c h  o f  th e  d i s j o i n t  s u b s e t s  J  .F h, (■! . )  -1 n , i ^  k n , i
^ S l s o  t h a t  i t s  e n t i r e  in a ^ e  i s  m th e  g e n e r a to r  c o rre s p o n d in g
n , i
t o  ÎÎ . i n  îL (f^ ) .  P r e c i s e l y ,  v  t a k e s  e a ch  n o n -z e ro  c ( n )  tu p le  x t o  
n , i  O n  n
th e  e le m e n t n  . f o r  w hich th e  i t h  s l o t  i s  n o t  z e r o .  Ue d e f in e  a  map
n  5  —
y  on -  0 a s  f o l lo w s .  F o r each  n o n -z e ro  th r e a d  th e r e  i s  a  l e a s t
i n t e g e r  N f o r  w hich t , j  ^ 0 . L e t l l ( t )  be t h e  t h r e a d  whose n th  c o o rd ­
i n a t e  f o r  n %  !I i s  v ^ ( t ) .  The m apping i s  w e l l  d e f in e d  and can  be shown 
t o  be  i d e n t i c a l  to O " . We u s e l^  t o  show t h e  f o l lo w in g  lemma.
Lemma ' i . l .  The m apping O '  i s  a  c o n tin u o u s  m apping from  S = 
S^(M) -  ( O )  t o  S^(M ).
p r o o f :  Suppose t h a t  x  b e lo n g s  t o  S an d  m*̂  = C '( x ) .  L e t 3^ =
^ t  ( t  €  S ^ ( ' ')  and t ^  = m^*^^ f o r  some n 21 1 be  a  b a s ic  open n e ig h ­
b o rh o o d  o f  m*^. B ecause  x ^ 0 , t h e r e  i s  a  l e a s t  i n t e g e r  p su ch  t h a t  
Xp ^ 0 . Take q = p+ n . Then x^ i s  a  c (q )  t u p l e  w ith  t h e  ©i(q) th  
c o o r d in a te  n o t  z e ro  and  a l l  o f  t h e  re m a in in g  c o o r d in a te s  e q u a l  t o  
z e r o .  T h e re  i s  an  open  n e ig h b o rh o o d  Q = IF. _ w here D. =
V M . )  f o r  i  X A ((q) and D ., » i s  a n e ig h b o rh o o d  o f  x . t h a t  d o es  q , i  0(1 q^ q i i
n o t  c o n ta i n  n e ro .  Then v [ h ]  = ^ , so  t h a t   ̂ y C and
«  Ql] 3q S
5 . The f u n c to r  S ,_(S). We d e f in e  t h e  f u n c to r  t o  have
dom ain t h e  s e t  o f  AWR s e q u e n c e s  and m app ings o f  s y s te m s . Tlie v a lu e  
o f  S^(G) w i l l  be t h e  t r i p l e  » S ^ (M ). F o r a  m apping f
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? r o n  sy s te m  (M ,i)  t 6  t h e  v a lu e  o f  S ^ ( f )  w i l l  be th e  p a i r
( ^ ( f  ) jS ^C f ) ) .  The d iag ram
€ « eK
--------------------------------  S . ( M )
commutes i n  th e  s e n se  t h a t  f o r  t  t  S^(M) su c h  t h a t  S ^ ( f ) ( t )  = 0 ,
we h ave  S ^ ( f ) ( t )  b e lo n g in g  t o  ^ f 8 ^ ( f ) ( f  ( t ) ) ] .
We t h e r e f o r e  d e f in e  a  m orphism  o f  o b j e c t s  in  th e  ra n g e  c a t -
*  -
e g o ry  t o  be a  p a i r  o f  c o n tin u o u s  g iapp ings m aking  a  d iag ram  commute 
in  t h i s  s e n s e .  C o m p o sitio n  o f  t h e  m orphism s ( f ^ , f g )  and (g ^ ,g g )  i s  
d e f in e d  t o  be  H ith  t h i s  d e f i n i t i o n  one may v e r i f y
t h a t
Lemma 5 .2 .  The s e t  o f  t r i p l e s  d e r iv e d  from  m e t r ic  com pacta  
fo rm s a  c a te g o r y  u n d e r  c o m p o s itio n  o f  m ap p in g s .
We ded u ce  th e  f o l lo w in g  th eo re m  from  w hat h a s  been  shown above . 
Theorem  5 .3 .  i s  a  f u n c to r  on  th e  c a te g o ry  o f  AMR s e q ­
u e n c e s  and m appings o f  s y s te m s .
C o r o l la r y  5.1+ I f  th e  sy s te m  (M_ji_) sh a p e  d o m in a te s  ( M ,i ) ,  
th e n  S^(22) d o m in a te s  i n  t h e  ra n g e  c a te g o r y ,  t h a t  i s ,  t h e r e
e x i s t  m orphism s F = and G = (g ^ ^ g g ) , w here F : S ^ (lî)«
S^(_M) and  G : ■ '>>S^(M ),such t h a t  G*F i s  an  i d e n t i t y  in  th e
ra n g e  c a te g o r y .
C o r o l la r y  5 .5 .  Shape e q u iv a le n t  AMR sy s te m s  d e f in e  iso m o rp h ic




We may form  a  new f u n c to r  (G) whose dom ain w i l l  be th e  
c a te g o ry  o f  m e t r i c  com pacta  and  sh a p e  m ap p in g s . S e l e c t  f o r  each  comp-
n
actum  a  p a r t i c u l a r  M R se q u en ce  M and l e t  (C ) be S^(M ). Foe each
shape  m apping  s e l e c t  a  p a r t i c u l a r  m apping o f  sy s te m s  in  t h e  c l a s s  and
a p p ly  t h e  f u n c t o r  t o  i t .  The m appings c an  be  shown t o  be  w e l l  d e f ­
in e d  and  t o  d e f in e  a  f u n c t o r .  (We s h a l l  d ro p  t h e  s u p e r s c r i p t  when t h e r e
i s  no d a n g e r  o f  c o n f u s io n . )
6 .  A p p l ic a t io n  o f  t h e  f u n c to r  S, ( Z „ ) .  % e n  Z„ i s  u se d  a s  a
 :----------------------------------------------------------------k —  2 —  2
c o e f f i c i e n t  g ro u p , t h e  t o t a l  sp a c e  a s  w e l l  a s  t h e  b a s e  s p a c e  i s  hom eo- 
m orph ic  t o  a  c lo s e d  s u b s e t  o f  th e  C a n to r  s e t .  T h is  m akes t h e  v a lu e  
o f  S^CZg) c o n v e n ie n t ly  c a l c u l a b l e  and  c o n c e p t u a l i z a b l e .
B orsuk  h a s  p r e s e n te d  i n  C*+J a  p a i r  o f  p la n e  com pacta  and has  
d e m o n s tra te d  t h a t  one does n o t  sh a p e  d o m in a te  t h e  o t h e r .  We g e n e r a l i z e  
h i s  exam ple a n d  p ro d u c e  in  each  e u c l id e a n  sp a c e  o f  d im e n s io n  N+1 3
a n a lo g o u s  co m p ac ta  and  co m p rise d  o f  N -d im e n s io n a l s u b m a n ifo ld s . 
C o n s id e r  a  p o ly h e d r a l  N -d im e n s io n a l, c lo s e d ,  c o n n e c te d  su b m a n ifo ld  D 
o f  T h ere  i s  a  p o ly h e d r a l  em bedding h o f  D xC 0,l3 i n  R^*^ such
t h a t  hCo X {o}"! = D, L e t be DU h D X { l /n }  ,  I n  a  c e l l  i n
D X ( l / ( n + l ) ,  l / n )  embed a  p o ly h e d r a l  copy o f  D f o r  e a c h  n  ^  1 . L e t 
K,, be DuU„,i"
F o r a  c lo s e d ,  c o n n e c te d , o r i e n t a b l e  N -m a n ifo ld  D, H^(D,Z2) = 
Zg. The v a lu e s  o f  Z^) and  Z^) c a n  be  com puted  in  a
s t r a ig h t f o r w a r d  m anner by th e  u se  o f  r e g u l a r  n e ig h b o rh o o d s . Each 
h a s  t h e  same v a lu e  o f  Z ^ ) , and  t h i s  v a lu e  i s  p i c t u r e d  in  f ig u r e
6 .1  a s  em bedded in  th e  p l a n e .  The common v a lu e  f o r  Z^) i s
d e p ic te d  i n  f i g u r e  6 .2 .
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Figure 6.1 Figure 6.2
N e i th e r  o f  th e  com pacta K,̂  and d o m in â te s  t h e  o t h e r .  I f  
K.J w ere t o  s h a p e  d om ina te  t h e r e  w ould  be  m orphism s F = ( )
and n = w ith  F : »  F ,.(K ^) and  G :
su ch  t h a t  F*n i s  th e  i d e n t i t y  on S,j(K ,^). The m apping gjj w ould he  a
f i b e r  p r e s e r v in g  c lo s e d  e m b e d d in g .o f  in  S „ (K .J . Then g ( 0 )
would b e  e q u a l  t o  0 , and g (b )  w ould  be e q u a l  t o  a .  But b i s  a  l i m i t  
p o in t  o f  w hereas i t s  im age a  i s  an  i s o l a t e d  p o in t  o f  th e
c o n ta in in g  s p a c e .  I t  c a n n o t be a  l i m i t  p o i n t  o f  th e  image o f  g „ .
I f  w ere  t o  d om ina te  K,^, th e n  G*F w ould be  t h e  i d e n t i t y *
In  t h i s  c a s e  f^^ w ould have  to  be a  f i b e r  p r e s e r v in g  c lo s e d  em bedd ing . 
Then f„ (G )  w ould  be 0 , and f , , ( a )  e q u a l  t o  b .  Mow 0 i s  a  l i m i t  p o in t
o f  th e  do m ain , b u t  i t s  im age, 0 , i s  an  i s o l a t e d  p o in t  o f  th e  c o n t ­
a in in g  s p a c e .
In  g e n e r a l  th e  f i b e r  s t r u c t u r e  o f  t h e  v a lu e s  o f  th e  i n v a r i a n t  
w i l l  b e  more c o m p lic a te d  th a n  th o s e  i n  t h e s e  s im p le  e x a m p les .
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7 .  A p p l i c a t io n s  o f  th e  f u n c t o r  S ^ (T ^ ) L e t be t h e  g ro u p  
o f  com plex num bers o f  u n i t  norm u n d e r  m u l t i p l i c a t i o n  p ro v id e d  w ith  
t h e  norm to p o lo g y .
L e t K b e  t h e  c l a s s  o f  com pacta  g e n e r a te d  by A!IR se q u e n c e s  
(M ,i)  such  t h a t  t h e r e  e x i s t s  a sh ap e  e q u iv a l e n t  se q u en c e  (T ,P )  w ith  
th e  fo l lo w in g  p r o p e r t i e s ,
7 .1 )  E ach com ponent T . o f  T i s  a wedge o f  g ( n , j )  c o p ie sn j ■] n
n . . o f  T- w i th  1 a s  th e  common n o i n t ,  n , 3 , i  0
7 .2 )  E ach b o n d in g  n a p p in g  when r e s t r i c t e d  t o  a  compon­
e n t  T (an d  d e n o te d  by P . )  mans T . , i n t o  a com ponent Tn + l ,k  - n + 1 ,]  - n + l ,k   ̂ n , ]
i n  t h e  fo l lo w in g  s p e c i a l  f a s h io n .  E ach c i r c l e  U . . o f  T , . i sn + l , k , i  n + l ,k
napped  i n to  a c i r c l e  U . . o f  T . s o  t h a t  f o r  e a c h  x in  U . .  , .
n , ] , l  n , ]  n t l , k , i
P ^ ^ ^ (x )  = x 4 ( n + - ,k ,_ ) ^  d ( n + l , k , i )  b e in g  a  n o n - n e g a t iv e  i n t e g e r .
We h ave  made i d e n t i f i c a t i o n s  h e re  w hich  w i l l  l a t e r  be  t r e a t e d  m ore 
p r e c i s e l y .
T here  a r e  tw o i n t e r e s t i n g  s u b c la s s e s  o f  K a r r i v e d  a t  by 
s p e c i a l i z i n g  e i t h e r  o f  th e  c o n d i t io n s  ( 7 ,1 )  o r  ( 7 . 2 ) .
7 .3 )  The s e t  o f  com pacta w i th  s e q u e n c e s  (T ,P )  f o r  w hich  
e a c h  g ( n , i )  = 1 i s  c h a r a c t e r i z e d  by t h e  p r o p e r ty  t h a t  each  sh a p e
3c l a s s  c o n ta in s  a  compactum  w ith  a  t o r o i d a l  d e f i n i n g  se q u e n c e in  3 .
T h u s , su p p o se  compactum  C h a s  t o r o i d a l  d e f in in g  se o u en c e  (M ,i)  in
S^. F o r each  n c h o o se  T = U  . ”  T _ .S u p p o se  t h a t  i  ,*1n 1 = 1  0 n + l i  n + ljk *
C  L e t i^ + 1^% = \ + i |  '^ n + l ,k ' d ( n + l ,k )  be t h e  d e g re e  o f
l n + l , k '  P n + l ,k  1" ? n + l , k l f n + l , k ( ( k 'X ) )  =
( i ,  .) )^  L e t p^+^ =U]< _ Then th e  seq u en ce
(T ,P )  i s  sh ap e  e q u iv a l e n t  to  ( M ,i ) .  On th e  o t h e r  hand  suppose  t h a t
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( T ,P )  i s  a  s e q u e n c e  w i t h  p r o p e r t i e s  ( 7 . 1 - 7 . 3 ) . Then i t  can  be s e e n  t h a t
3we may c o n s t r u c t  a  t o r o i d a l  d e f i n i n g  s e q u e n c e  ( M , i )  i n  S" w hich i s  
sh a p e  e q u i v a l e n t  t o  ( T ,P )  and  g e n e r a t e s  a  h o n e o n o rp h ic  c o n n a c tu n .
7 . 4 )  The s e t  o f  com pacta  f o r  w h ich  t h e r e  e x i s t s  an  e q u i v a l e n t  
se q u en c e  ( T ,P )  f o r  w h ich  t h e  v a lu e  o f  e a ch  d ( n , j , i )  e q u a l s  1 o r  0 
w i l l  be i n v e s t i g a t e d  i n  t h e  n e x t  s e c t i o n .
We s h a l l  now c l a s s i f y  t h e  t o r o i d a l l y  d e f i n e d  com pacta  by means 
o f  S^CT^). Suppose  t h a t  C i s  a compactum a s o c i a t e d  w i th  AIIR se q u en c e  
( M , i )  , (T ,P )  i s  an  e q u i v a l e n t  s e q u e n c e  o b e y in g  ( 7 . 1 - 7 . 3 ) ,  and  C-'- = 
in v  l i n  ( T , P ) .  P a c h  com ponent C-'^ o f  C- i s  g e n e r a t e d  by t h e  se q u en c e  
(T ,P  ) ,  and i s  t h e r e f o r e  a  p o i n t ,  a  c i r c l e ,  o r  a  s o l e n o i d .  Thus C- 
i s  a  1 - d im e n s i o n a l  r e p r e s e n t a t i v e  w i t h  t h e  maximum p o s s i b l e  l o c a l  conn­
e c t e d n e s s ,  a t o r n  t h a t  can  be made more p r e c i s e  i f  n e c e s s a r y .  Pach
T ** = T w/ N = P T - .  Each t h r e a d  x o f  C-w i s  a  se o u e n c e  o f  n a i r sn n ,« v n )  o "
( o < ( n ) , t ( n ) ) ,  w here  t ^  C  T^ . We d e n o te  t h e  two p r o j e c t i o n s  from  Z X T^ 
by  p r o j ^  and p r o j ^ .  Then p r o j ^ ( x ^ )  = e ( ( n ) ,  and p r o j ^ ( x ^ )  = t ( n ) .  The 
s p a c e  C" b e a r s  t h e  t o p o lo g y  o f  c o o r d i n a t e w i s e  c o n v e r g e n c e .  The s e t  o f
s e t s  N ( x )  = C y  i  y  b e lo n g s  t o  C - ,  p r o j  ( y . ) =  p r o j  (x  ) ,  and  Ip ro j^ C y  )
Xi 5 G  J. XI j .  Ti I Ti
-  p r o j ^ ( x ^ ) j  < e ^  f o r  a l l  e > o and  a l l  p o s i t i v e  i n t e g e r s  n form s 
a  b a s i c  s e t  o f  o p e n  n e ig h b o rh o o d s  o f  x  i n  C-.
L e t  E be t h e  s e t  o f  a l l  i d e n t i t y  e le m e n ts  o f  C - ,  t h a t  i s ,
E = I ]  = {  f ( n , ( e ( ( n ) , l ) )  |  n >  l " & H ^ A " } . ( 'T h e  d e f i n i t ­
i o n  o f  A i s  g i v e n  i n  s e c t i o n  1 . )
The v a l u e  o f  S ^ ( " ,P ;T ^ )  i s  e i t h e r  t h e  g ro u p  ( 1 )  o r  t h e  one 
p o i n t  u n io n  o f  c i r c l e s  and s o l e n o i d s  b e a r i n g  a  t o p o lo g y  w hich  i s  
i n d i c a t i v e  o f  s h a p e .  T h i s  v a lu e  i s  a  s u b s p a c e  o f  L = in v  l im  (H ^ 'T ,
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H^*P). The v a lu e  o f  { j j  X T^. The g roup  i s
composed o f  t h r e a d s  % e a c h  o f  which i s  a  s e q u e n c e  o f  e le m e n ts
w hich b e lo n g  t o  o t h e r  w o rd s ,  x^  i s  a  c ( n )  t u p l e
w i th  o n ly  t h e # ( ( n ) t h  c o o r d i n a t e  d i f f e r e n t  from  l .T h e  s e t  o f  s e t s
U ( x )  = f  y (  y €  S ( t )  and | x  . -  y . I < e f o r  1 af i  ^  c ( n ) T  n , e  X  L » n , i  n , i *
f o r  n  a  p o s i t i v e  i n t e g e r  and e a  p o s i t i v e  number i s  a  l o c a l  b a s e  o f  
open n e ig h b o r h o o d s  o f  x i n  S ^ (T ) .  The m apping t a k e s  each  n o n - z e r o  
X i n  L ^ t o  t h e  t h r e a d  m**of 5 ^ ( 7 ) .  T h e re  i s  a  c a n o n i c a l  t o p o l o g i c a l  
g roup  iso m o rp h ism  h ^  from  C* t o  w h ich  maps t h e  t h r e a d  x t o  h * ( x )  
w i th  ( h ^ ( x ) )  = J  v ( p r o j ^ C x ) ) .  I n  w o rd s ,  t h e  n t h  c o o r d i n a t e  o f
X i s  ( e t ( n ) ,  p r o j ^ ( x ^ ) )  and  i t  i s  m e re ly  f o r m a l l y  changed  by h t o  
t h e  c ( n )  t u p l e  w i t h  p r o j ^ ( x ^ )  in  t h e « t ( n ) t h  s l o t  and 1 e l s e w h e r e .  The
u n io n  o f  a l l  t h e  h t t  f o r  <  <f A i s  a  c l o s e d  c o n t in u o u s  s u r j e c t i o n
o f  C" o n to  "S^CT). On e a c h  C*^, i s  an  em bedd ing . Thus t h e  o p e n in g  
s t a t e m e n t  o f  t h e  p a r a g r a p h  c a n  be v e r i f i e d .  L e t  h^  be r e s t r i c t e d  
t o  C" -  E . Then h ^  i s  a  homeomorphism o f  C* -  E o n to  E^(T) ( o ) .
T h e re  i s  a  c a n o n i c a l  mapping from  C" to A ( C - ’0  w hich t a k e s
e ach  p o i n t  x t o  t h e  component 0» t o  w hich  i t  b e lo n g s .  We can  d e f i n e
t h e  m apping  K^from C* t o  S . ( T )  by s e t t i n g  (K ^ (x ) )  = m . ,
i  U i  Tl
In  w o rd s ,  t a k e s  t h e  t h r e a d  x and p i c k s  o u t  f o r  e a ch  n  t h e  f i r s t
c o o r d i n a t e  o f  x ,  and  t h i s  c o o r d i n a t e  i d e n t i f i e s  t h e  component o f  M n  '  n
i n  w hich  t h e  n t h  c o o r d i n a t e  o f  x l i e s ,  '̂ ’he  g e n e r a t o r  c o r r e s p o n d in g  
t o  t h i s  com ponent i s  c h o se n  by a s  t h e  n t h  c o o r d i n a t e  o f  a  t h r e a d .
The m apping  i s  a  c l o s e d  c o n t in u o u s  s u r j e c t i o n .  L e t  be r e s t r ­
i c t e d  t o  E . T h i s  m apping  i s  a  h< 
t h a t  -  f ) =  Ç * h J ( C *  -  E),
i c t omeomorphism o n to  S ^ ( T ) .  We a l s o  o b s e rv e
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H y p o th e s is  7 . 5 .  Assume th a t  compacta C and C_ a re  asso cia ted  
with AI'IR se q u e n c e s  w hich  a r e  equ ivalen t t o  s e q u e n c e s  (T ,P )  and  (T ,P )  
obeying ( 7 . 1 - 7 . 3 ) .  L e t  C* = in v  l im  ( T ,P )  and  C;’'  » i n v  l im
Theorem 7 . 6 .  The com pacta  C and C_ h a v e  t h e  same shape  i f f  
S ^(T) i s  i so m o rp h ic  t o  S^(T_).
S u f f i c i e n c y  h a s  a l r e a d y  b e e n  d e m o n s t r a t e d ;  we d e r i v e  t h e  n e c ­
e s s a r y  c o n d i t i o n  a s  a  c o r o l l a r y  t o  t h e  s t r o n g e r  th eo re m  w hich f o l lo w s .  
Theorem 7 . 7 .  I f  S^(T) i s  i s o m o rp h ic  t o  S ^ ( ^ ) ,  t h e n  C* i s  
homeomorphic t o
Pr o o f  : He d e f i n e  t h e  m apninq from  C" t o  Ĉ’- on two d i s j o i n t
s u b s e t s .  L e t  q /x )  = h^ ^ . f ^ . h ^ C x )  f o r  % C C* -  E; l e t  y ( x )  =
-1 “  * k^ “  . f ^ . k ^ ( x )  f o r  X e  E . The m apping % i s  a  b i s e c t i o n  o f  C o n to  Ch=.
On t h e  open  s e t  C* -  E, p-, i s  c o n t i n u o u s .  He show t h a t  y i s  c o n t in u o u s  
a t  e a c h  i d e n t i t y  e le m e n t  1^ o f  E. L e t  Denote g*"—
G. The m apping g i s  a  homeomorphism from  E t o  so  t h a t  t h e r e  e x i s t s  
an i n t e g e r  q and r e a l  p o s i t i v e  number d w i th  t h e  n r o p e r t y  t h a t  each  
i d e n t i t y  i n  ^ ( 1 ^ )  i s  manned i n t o  G.The m anning f^  i s  a lso  a homeo­
m orph ism , so t h a t  t h e r e  e x i s t s  an  onen  n e ig h b o rh o o d  U , ( 1 )  w i th  t h ep ,b
p r o p e r t y  t h a t  E P j  , ( i H S  ”  ( 1 ' ' .  Take r  = n+n and a  l e s s  t h a nl*“ p ,b  * n , e
b o th  b and  d .  C o n s id e r  t h e  b a s i c  onen  s e t  D = N ( I w ) .  C le a r I vr , a  ^
g^D 0  Ê J S '7 .  To show t h a t  g£n O ( C - - E G G, f o l l o w  i n  d e t a i l  t h e
a c t i o n  o-  ̂ g on an e le m e n t  x o'^ t h e  s u b s e t .  The c o o r d i n a t e  x o-  ̂ xr
i s  o f  t h e  form (c ((r)  , w here  v Ç  and 0 ^   ̂ ( <  a .  The manning
h^ t a k e s  x t o  a t h r e a d  a o f  G^(T) -  w hich  b e lo n g s  t o  ^ ( 1 )  -  < (l i .
The m anning f .  t a k e s  II ( 1 )  -  jT t  t o  t h r e a d s  i n  II ( l l - f l i .
-  p , b  ^  n , e  — **-■
The r e s t r i c t i o n  o-F h ^ t a k e s  t h e s e  e le m e n ts  i n t o  II ( 1 « J .  T h e re fo ren , e  —
(^£3 S  ^(l_^). So g i s  c o n t in u o u s  a t  l | t .  But C* i s  com pact and 
2 '  i s  H a u sd o r^^ ,  so t h a t  we may c o n c lu d e  t h a t  g i s  a  homeomorphism.
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C o r o l l a r y  7 . 0 .  The sh ap e  c l a s s e s  o f  t o r o i d a l l y  d e f i n e d  co n n -  
3a c t a  i n  S c o r r e s p o n d  t o  t h e  h o n e o n o rp h is n  c l a s s e s  o f  t h e  c o r .p a c ta  
a s s o c i a t e d  w i th  AnR s e q u e n c e s  o b e y in y  ( 7 . 1 - 7 . 3 ) .
I t  i s  c l e a r  upon i n s p e c t i o n  t h a t  t h e  com pacta  K and 
s a t i s f y  b o th  o f  t h e  c o n d i t i o n s  a p p e a r in g  i n  ( 7 . 8 ) .  They a r c  n o t  
h o n e o n o rp h ic ,  and  t h e r e f o r e  t h e y  do n o t  have  t h e  sa n e  s h a p e .
We may a l s o  d i s t i n g u i s h  be tw een  t h e i r  sh a p es  by a p p ly in g  t h e  f u n c t o r  
R ^(T ^).  P i c t u r e s  o f  5 ^ fK ^ ,T ^ )  and S^(K ^ ,T ^)  a r e  p r e s e n t e d  i n  f i g u r e s
( 7 .9 )  and  ( 7 .1 0 )  r e s p e c t i v e l y . l t  i s  c l e a r  t h a t  S^(K^) and S^(K^) 
a r e  n o t  h o n e o n o rn h ic  so t h a t  t h e  i n v a r i a n t s  a r e  n o t  i s o n o r o h i c .
m
F ig u r e  7 .9 F ig u re  7 .10
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8 ,0  P la n e  co m p a c ta .  C o n s id e r  a  compactuin C i n  t h e  p l a n e .
2 f  2>C om plete  t h e  p l a n e  t o  S" by  a d d in g  t h e  p o i n t  a t  i n f i n i t y ,  «6 =%R % .
T he re  e x i s t s  a  se q u en c e  M o f  c o m p a c t ,  p o l y h e d r a l  2 - m a n i fo ld s  w i th
a  o „
b o u n d a ry  such  t h a t  M S, M C  R , Q  . M = C, and e a c h  componentn+1 n  n = l  n
o f  i s  a  d i s k  w i th  h o l e s  o r  a  d i s k .  L e t  i  d e n o te  t h e  se q u en c e  o f
em beddings i  : M -— o f  each  m a n i f o ld  i n  t h e  p r e c e d i n g .  Then in  n  n n—1
a  n a t u r a l  way t h e  sp a c e  C i s  t h e  i n v e r s e  l i m i t  o f  t h e  seq u en ce  ( ’I , i ) .
Each component m a n i f o ld  M . o f  M i s  a  d i s k  o r  d i s k  w i th  g ( n , j )  h o l e s .n
9.Each h o l e  i s  an  onen  s u b d i s k  o f  R d e n o t e d  bv  (d  . ) . ,  bounded bv an , ]  x ’
p o l y h e d r a l  1 - s p h e r e ,  d e n o te d  by (b  f o r  1 *  i  ^ g ( n , j ) .  Let
O
(d  . ) „  d e n o te  t h e  r e m a in in g  d i s k  o f  -  M . ,  and (b  . ) .  d e n o te  n , 3 ' m, ]  n , ^ o
t h e  r e m a in in g  b o und ing  c u rv e  o f  M . , t h e  o u t e r  b o u n d a ry ,  idien d e a l i n g  
w i t h  a  s e q u e n c e  M g e n e r a t i n g  a  component Ĉ  ̂ o f  C, we s h a l l  d rop  from 
t h e  s]/mbol (b^  t h e  in d e x  p ,  w hich  m ust e q u a l  < * (n ) ,  and  l e t ( b ^ ) ^  
d e n o te  t h e  i t h  b o u n d a ry  o f  ?!n
We s h a l l  c o n s t r u c t  a  s e o u e n c e  W o f  s e t s  W o f  t r i n l e s
n
(B^ , T^^^ from  w hich  one can  r e c o n s t r u c t  a  d e f i n i n g  se q u ­
e n c e  ( M ,i )  i n  t h e  p l a n e  w hich  i s  sh a p e  e q u i v a l e n t  t o  ( M , i ) .  For each
m a n i f o ld  comnonent F . we a s s i g n  a s e t  B . .  I f  M . i s  a  d i s k  t h e nn , i  n , l
B . c o n s i s t s  o f  t h e  p a i r  ( n , j ) ;  i f  ?-! . i s  a  d i s k  w i t h  g ( n , i )  h o l e s
t i , ]
t h e n  . w i l l  be  t h e  o r d e r e d  s e t ^ C h ^  ^ ) .  |  1 ^  i  ^  g ( n , j ) " ^ .  For
e a c h  n S  1, t h e  m anning i  . t a k e s  e a c h  com nonent '•! .  , i n t o  t h en+1 ' n + l , k
component ?! . o f  which i t  i s  a  s u b s e t  i n  a  wav t h a t  c a n  be d e s c r i b e dn , i
bv a  m a t r i x  T a s s o c i a t e d  w i th  B . and  B . , . I f  ?•! . o r  M , . , i sn , i  n + l , k  n , i  n + l ,k
a  d i s k ,  l e t  T be t h e  emnty m a t r i x .  I f  ■! . i s  n o t  a  d i s k ,  t h e  m a t r i c e s
f o r  t h e  s e t ? %  o f  com nonents  o f  ?! w hich  a r e  n o t  d i s k s  a r e  c a l c u l a t e dn+1
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by  a n  i n d u c t i v e  •o ro ce d u re .  O rd e r  t h e  e le m e n ts  o f  %  so  t h a t  M , ,n + l , h
M , i f  M . , l i e s  i n  one o f  t h e  d i s k s  (d  com plem en taryn + l , k  n + l , h  n + l , k  i
2t o  ^  i n  R . T h is  r e l a t i o n  in d u c e s  a  p a r t i a l  o r d e r i n g  on t h e
members o f l ^ L S e l e c t  a  m axim al member M , o f % .  Form a  m a t r ix  w i th
H i  J. J  K
g ( n + l , k )  row s and g ( n , j )  c o lu m n s .ro w  by  row . Each row i s  t o  d e s i g n a t e
t h e  c i r c l e s  o f  M . l i n k e d  by a  n a r t i c u l a r  c i r c l e  o f  M , .  A " 1 "  n ,3 • n + l . k
a p p e a r s  i n  t h e  i t h  row and p t h  colum n o f  T i f  t h e  c i r c l e  (b  ,  . ) .
n + ijK  1
l i n k s  t h e  c i r c l e  (b  . )  ; o t h e r w i s e  a  "n"  i s  t o  a p p e a r  t h e r e .  The ■n ,3  p ’
t r i p l e  (3  . , T ,  B , ) i s  added  t o  t h e  s e t  o f  t h o s e  a l r e a d y  d e t e r -
n J 3 Ti ' 15 tC
m in e d ,  t h e  comnonent M . i s  rem oved from t h e  s e t  iW and t h e  n r o c e s sn + l , k
i s  r e p e a t e d .  I t  i s  c h a r a c t e r i s t i c  o f  a  s e t  o f  n e s t e d  p l a n a r  m a n i f o ld s
t h a t  e a ch  m a t r i x  T h a s  no colum n w i t h  more t h a n  a  s i n g l e  "1"  i n  i t ,
f o r  two c i r c l e s  o f  an  embedded com ponent ^  c a n n o t  l i n k  t h e
same c i r c l e  o f  M , i n  which i t  i s  c o n t a i n e d ,  
n , ]
A l th o u g h  t h e  se q u e n c e  \1 d o e s  n o t  c o n t a i n  much o f  t h e  i n e s s e n t ­
i a l  i n f o r m a t i o n  c a r r i e d  by t h e  s e q u e n c e  " ,  i t  i s  n o t  t h e  o n ly  su c h  
s e q u e n c e  d e r i v e d  from  com pac ta  o f  a  g i v e n  s h a p e  c l a s s . T h e  d e t a i l s  
o f  t h e  p a t t e r n  ( M , i )  a r e  n o t  c h a r a c t e r i s t i c  o f  s h a p e ,  r a t h e r  t h e  
p r o p e r t i e s  o f  t h e  p a t t e r n  i n  t h e  l i m i t  a s  n  becomes i n f i n i t e  seem t o  
b e  s i g n i f i c a n t .  We s e e k  a  way o f  e x p r e s s i n g  t h i s  l i m i t i n g  in fo rm ­
a t i o n  and  o b l i t e r a t i n g  d e t a i l s .
Apply  t h e  homology f u n c t o r  t o  t h e  se q u en c e  ( F , i ) .
The se q u e n c e  W a l lo w s  one t o  c o n s t r u c t  t h e  se q u e n c e  (H^* ;I, ! I ^ » i ) ,  f o r  
i t  p r o v id e s  t h e  g e n e r a t o r s  o f  and m app ings  o f  g e n e r a t o r s  w hich
g e n e r a t e  e a c h  H ^ ( i^ ^ ^ ) .  On t h e  o t h e r  h a n d ,  t h e  s e q u en c e  i )
a l l o w s  one  t o  r e c o n s t r u c t  i n d u c t i v e l y  a s e q u e n c e  ( M ,i )  w hich  i s  shape  
e q u i v a l e n t  t o  ( F , i ) .  However, t h e  s e q u e n c e  ( H ^ * • i )  i s  n o t  t h e  o n ly
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sequence  d e r i v e a b l e  from a  s h a p e  c l a s s ,  A se q u en c e  o f  t h i s  k in d  
s t i l l  c o n t a i n s  u n n e c e s s a r y  i n f o r m a t i o n ,  and  c a n n o t  s e r v e  a s  an  i n v a r ­
i a n t .
The CTAG i n v  lim (H ^«M ,H ^»i) c o n t a i n s  t o o  l i t t l e  i n f o r m a t io n .  
The s e t  o f  p l a n e  s h a p e s  i s  u n c o u n ta b l e  ,  b u t  t h e  s e t  o f  2 -g ro u p s  
which c a n  s e r v e  a s  v a lu e s  f o r  hom ology g ro u p s  o f  p l a n e  com pacta  i s  
c o u n t a b l e , a s  one may deduce  from  t h e  th e o re m s  o f  , Ue t h e r e f o r e  
d e r i v e  from t h e  se q u e n c e  Vf an  i n v a r i a n t  e x p r e s s i v e  o n ly  o f  s h a p e .
T h is  i n v a r i a n t  i s  r e l a t e d  a l g e b r a i c a l l y  t o  t h e  i n v a r i a n t  which
we have a l r e a d y  d e f i n e d .
One o f  t h e  s t e p s  i n  t h i s  s e a r c h  i s  t o  f i n d  a  s im p le  d e f i n i n g  
se q u en c e  f o r  a  compactum w hich  w i l l  s i m p l i f y  p r o o f s .  I t  i s  h e l p f u l ,  
though  n o t  n e c e s s a r y ,  t o  c h o o se  a  d e f i n i n g  se q u en c e  M so  a s  t o  s a t i s f y  
t h e  c o n d i t i o n s  f o r m u la t e d  by S p ie s  i n  may c h o o se  (M ,i)  so
t h a t -------------------  I c ( n ):h a t  we may d e f i n e  s e q u e n c e s  o f  f u n c t i o n s  I’l  i - l ' ^  ^
p r o p e r t i e s .
8 . 1 )  M. i s  a  d i s k .  Each com nonent K . o f  M c o n t a i n s  a s  a1 - n , i  n
s u b s e t  a  "m ain"  component {k (h  . )  and n o s s i b l v  a  " s u b s i d i a r v "  comn-
» n  n , i  '  - -
o n e n t  M . o f  M ^ . I f  M . h a s  k i O  h o l e s ,  t h e n  ^(M . )  h a s  k ( o rn+1, ]  n+1 n , i  ’ ^  n , i
k+1) h o l e s  and  i s  embedded in  M . w i t h  no (o n e )  n u l l  hom ologous bound-
T l j l
a r y  c u rv e .  The s u b s i d i a r y  com ponent i s  e i t h e r  a  d i s k  o r  an  a n n u lu s .
I f  an  a n n u l u s ,  i t  l i e s  i n  an  a n n u l a r  comnonent o f  N X ,,, .
and i s  n o t  c o n t r a c t i b l e  t h e r e i n .
8 .2 )  The v a lu e  o f  a  (M . )  i s  t h e  sh a n e  number ( t h a t  i s ,n n , i
o
t h e  number o f  d i s k  com ponents  o f  R“ ^ n + ]  ( ( ^  (M ) ) )  )
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8 . 3 )  I f  M . h as  k h o l e s  and k <  a  (M . ) ,  t h e n  ^  (M . )
n , i  n  n , i  n , i
h a s  k+1 h o l e s .
% e n  t h e  c o n d i t i o n s  o f  S p ie s  a r e  in p o s e d ,  t h e  s e q u en c e  W 
d e r i v e d  f r o n  t h e  d e f i n i n g  se q u en c e  ( M ,i )  b eco n es  q u i t e  s i m p l e . I f  Î1 
i s  n o t  a  d i s k ,  b u t  h a s  h h o l e s ,  t h e n  t h e  m a t r i x  T f o r  t h e  m ain  comp­
o n e n t  H . .  , w i l l  be t h e  h X h i d e n t i t y  m a t r i x  i n  t h e  c a s e  t h a t  Mn + l , k  n + l , k
h a s  h h o l e s ,  and  t h e  i d e n t i t y  m a t r i x  augm ented by a  row o f  z e r o s  
o t h e r w i s e .  The m a t r i x  f o r  a  s u b s i d i a r y  one w i l l  be  a  1 x h  
m a t r i x  w i t h  a  " 1" i n  o n ly  1 column o r  w i th  a  "1" i n  each  o f  t h e  h 
colum ns i f  t h e  component i s  n o t  a  d i s k .
We s h a l l  c a l l  a d e f i n i n g  se u c e n e e  o b ey in g  t h e  c o n d i t i o n s  8 .1  
-  8 .3  a  S p ie s  s e q u e n c e .E a c h  S p ie s  s e q u e n c e  f o r  a  p l a n e  compactum i s  
an  ANR s e q u e n c e  s a t i f y i n q  c o n d i t i o n s  7 . 1 ,  7 . 2 ,  and 7 .4 .
Lemma 8 . 4 .  The s e t  o f  com ponents  o f  a  p l a n e  compactum w i t h  
sh a p e  number g r e a t e r  t h a n  one  i s  c o u n t a b l e .
P r o o f ;  We may l a b e l  t h e  a t  m ost two com nonents i n  e a ch  Mn , a
so  t h a t  X . i s  t h e  main comnonent and  X . _ i s  t h e  p o s s i b l y  n+1,1 - n+1,0
e x i s t i n g  s u b s i d i a r y  com nonent. Then t h e r e  i s  a  b i j e c t i o n  from  t h e  s e t  
o f  com ponents  o f  C t o  a s u b s e t  o f  t h e  s e t  o f  se q u en c e s  t a k i n g  t h e  
v a l u e s  z e r o  and  one o n l y .  I f  a  component C*<has shape  number g r e a t e r  
t h a n  o n e ,  t h e n  t h e r e  m ust be an  i n t e g e r  p such  t h a t  i s  a  m ain  
com ponent f r o n  n  = p o n .  The se q u en c e  c o r r e s p o n d in g  t o  C ^ w il l  h av e  
v a lu e  e q u a l  t o  one from some p o i n t  o n .  But t h e  s e t  o f  a l l  s e q u e n c e s  
o f  z e r o s  and  o n e s  which a r e  e v e n t u a l l y  e q u a l  t o  one i s  a t  m o s t  c o u n t ­
a b l e .
Remark 8 . 5 .  The s e t  o f  a l l  c i r c l e s  i n  t h e  p l a n e  w i t h  c e n t e r
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a t  ( - 1 , 0 )  and p a s s i n g  th r o u g h  a  p o i n t  o f  t h e  C a n to r  s e t  i s  a n  example 
o f  a  p l a n e  compactum w i t h  an  u n c o u n ta b le  s e t  o f  com ponents  o f  non­
t r i v i a l  s h a p e .
L e t u s  exam ine t h e  r e l a t i o n  be tw een  The se q u e n c e  M*which 
g e n e r a t e s  a  component o f  C and t h e  sh ap e  number o f  C * fo r  a  S p ie s  
s e q u e n c e .  T he re  a r e  t h r e e  p o s s i b i l i t i e s  f o r  (M*^,i**):
8. 6) The s e q u e n c e  i  may c o n ta i n  a  c o f i n a l  s e q u e n c e  o f  
n u l l - h o m o to p ic  em b e d d in g s .
8 .7 )  The s e q u e n c e  i** may c o n ta i n  no n u l l - h o n o t o p i c  em beddings
from  some p o i n t  o n ,  and  t h e  se q u en ce  !1 may c o n t a i n  a  su b se q u e n c e
o f  a n n u l i  h , .  T* 
n ( i ) .
8 . 8) The s e q u e n c e  ?!** may be composed o f  m ain  com ponents  
w i th  two o r  more h o l e s  from  some p o i n t  on .
When ( 8. 6) o b t a i n s ,  t h e  C,* i s  o f  t r i v i a l  s h a p e  w i t h  shape
number e q u a l  t o  z e r o .  Suppose  t h a t  ( 8 . 7 )  o b t a i n s .  T h e re  i s  a  l e a s t
i n t e g e r  k f o r  which i ^  i s  an  e s s e n t i a l  embedding f o r  n ^  k .  Then
must h av e  a t  l e a s t  one  h o l e .  I t  c a n n o t  have  two h o l e s ,  f o r
t h e n  i ^  would be e s s e n t i a l .  Thus i s  an  a n n u l u s .  Choose a s e q u -
ence  (H, «5) a s  f o l l o w s .  L e t  M be t h e  se q u en c e  o f  a l l  a n n u l i  M , .  \
— — n ( ] )
w i th  n ( ] ) 3 »  k  i n  t h e  s e q u e n c e  Î! . We have  ,
H.j+1 = \ ( j + l )  • d j +1 ^ \ ( ] ) , n ( j + l )  ^ n ( j ) + l  ’ ^n ( j+ l)* * .
There  a r e  two s u b c a s e s  :
3 . 7 . 1 )  F ron  some i n t e g e r  on t h e  a r e  a l l  e s s e n t i a l  embed­
d in g s .
8 . 7 . 3 )  T he re  i s  a  su b seq u en ce  o f  é  t h e  members o f  which a r e  
n u l l - h o m o to p ic  em b ed d in g s .
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'rThen ( 8 . 7 . 2 )  p r e v a i l s ,  t h e  component h a s  t r i v i a l  s h a p e .  L e t  u s  
c o n s i d e r  t h e  c a s e  ( 8 . 7 . 1 )  more c l o s e l y .  Look a t  t h e  segm en ts  o f  ( î i^ i^  
o f  t h e  form :
i *
( 8 . 9 )  ^
• 'C jH i '  * 0*1  J
The c o m p o s i t io n  o f  t h e  m appings  i n  each  segm en t i s  «5^. The f i r s t
b e g in s  w i th  n ( l ) = k  and  t h e  c o m p o s i t io n  i s  In  e a c h  segm ent t h e
g e n u s  o f  M ^  r i s e s  in  s i n g l e  s t e p s  from  a  v a lu e  o f  one  f o r  M ,n ru.] ;
u n t i l  M . .  when i t  a g a in  d ro p s  t o  one  f o r  t h e  a n n u lu s  Hn ( ] + l ) - l  ^ n ( n + l )
The m a t r i x  T i n  t h e  t r i p l e  * ( l + i ) ï  ^'^P’̂ f^senting t h e
a c t i o n  o f  t h e  m apping i^ ^ ^  on t h e  b o u n d a ry  c i r c l e s  o f
15 a .n  i d e n t i t y  m a t r i x  augm ented by a  row o f  z e r o s  e x c e p t  f o r  t h e
l a s t  mapping i n  t h e  s e g m e n t W e  c a n  s e e  t h a t  <h. f o r  j  S  3
w i l l  be  e s s e n t i a l  i f  t h e  c i r c l e  (b  ) .  i s  d e fo rm a b le  i n  t h e  o r e c e d -n(])  1
in g  m a n i f o ld  com ponent W t o  e i t h e r  t h e  c i r c l e  (b . ) ,  o rn i ]  n(.] ) - i  i
t h e  u n io n  Ü C(b^^^ ^_^ )^  | l  ; f  g ( n ( j  ) - l ,« ^ (n (  j  ) - l ) 5  . ( A l t e r n a t i v e l y ,
one may s a y  (b^^^^  ^ )^  i n  t h e  second  c a s e . )  I t  w i l l  be  n u l l - h o m o to p ic
i f  (b  . . .  ) i s  d e fo rm a b le  t o  (b  . . .  , ) .  w i t h  i  >  1 .  Thus t h e  s t a t e -  
n ( ] ) n ( ] 1
ment ( 8 . 7 . 2 )  i s  e q u i v a l e n t  t o  t h e  f o l l o w i n g  s t a t e m e n t .  T here  i s  a  s u b ­
s e q u e n c e  o f  M o f  a n n u l i  whose bo u n d in g  c i r c l e s  ( b . , . .  ) .  a r e  deform.f- 
— h l i ;  1
a b le  i n  t h e  p r e c e d in g  m a n i f o ld  t o  ( b , , . .  ) w i th  1 >  l .T h e  s t a t e m e n t
nv .l j—1 1
( 8 . 7 . 1 )  i s  e q u i v a l e n t  t o  t h e  f o l l o w in g  s t a t e m e n t .  From some i n t e g e r
on a l l  t h e  com nonents  w hich  a r e  a n n u l i  h av e  t h e  n r o n e r t ”’ t h a t  (b  ) ,
n 1
i s  d e fo rm a b le  i n  M ^  t o  e i t h e r  (b  . ) .  o r ( b  . ) ^ .  Here h a s  
n-1 n-1 1 n-1 0 ®
t h e  s h a p e  o f  an  a n n u l u s .
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L e t  u s  c o n s i d e r  t h e  c o n se q u e n c e s  o f  ( 8 . 7 . 1 )  more c l o s e l y  in  
o r d e r  t o  d e t e r m i n e  t h e  v a lu e  h o f  t h e  in d e x  c o u n t in g  t h e  s t a g e  a t  w hich  
" a  h o l e  i n  C f i r s t  a p p e a r s " .  T he re  a r e  two p o s s i b l e  c a s e s  a c c o r d in g  
t o  t h e  b e h a v i o r  o f  t h e  s e q u e n c e  «5.
8 .1 0 )  A l l  t h e  a r e  e s s e n t i a l .  The d e f i n e  N t o  be k .  We h a v e
s e e n  t h a t  i s  an  a n n u lu s ,  and  i t  i s  i n e s s e n t i a l l y  embedded i n  M .n :1“1
The c o n d i t i o n ( 3 . 1 )  r e q u i r e s  M,, ^ t o  be  a  d i s k .  F u r th e r m o r e ,  a l l
V,j ^  f o r  n >  II a r e  e s s e n t i a l .  T h is  i s  b e c a u s e  t h e r e  i s  a n  i n c l u s i o n
map u su c h  t h a t  V,, *u = ' é .  f o r  s u f f i c i e n t l y  h ig h  v a l u e s  o f  j .
, n J 3
3 .1 1 )  At l e a s t  one i n c l u s i o n  i s  i n e s s e n t i a l . L e t  q be l a s t
i n t e g e r  f o r  w h ich  i s  i n e s s e n t i a l .  Tow 56̂  i s  t h e  c o m p o s i t io n  o f  t h e
m appings i n  t h e  segm ent
where R = nf^land Q = "h e  l e n g t h  o f  t h i s  segm ent m ust be g r e a t e r
t h a n  o n e ,  t h a t  i s  R-Ol> 1 .  F o r  i f  R = Q+1, t h e n  t h e  a n n u lu s  would 
be embedded i n  T^*so a s  t o  ]ie c o n t r a c t i b l e .  T h is  i s ,  however f o r b i d d e n  
by ( 3 . 1 ) .  M o re o v e r ,  t h e  v a lu e  o f  1 c a n n o t  be l e s s  t h a n  Ic. The m a n i f o ld  
i s  an  a n n u lu s  w i th  i t s  bo u n d in g  c i r c l e  (bp )^ d e fo rm a b le  i n  M^_^ 
t o  a  c i r c l e  (bp   ̂ )^  w i t h  1 ^ 1 .  The com ponent Mp ^ h as  R-Q h o l e s ,  
and  t h e  d i s k  (d p  )^ c o n t a i n s  (dp  ̂ ) ^  a s  a  s u b d i s k .  We com pute t h a t
(b p  )^ i s  c o n t r a c t i b l e  i n  n o t  i n  c i r c l e  (bq^^_
i s  c o n t r a c t i b l e  i n  _ . The n a n i f o lc l  M .  h a s  o n ly  1 -1  h o l e s  iny r l —2 J tX - . '
i t ,  and t h e  b o u n d a r i e s  o f  t h e s e  h o l e s  a r e  t h e  c i r c l e s  ( b ^ ^ ^ _ ^ ) .  f o r  
1 d l i d k  1 - 1 .  I n  t h i s  c a s e  ch o o se  'I = m+1-1. One can  th e n  show t h a t  a l l  
t h e  maps ^  a r e  e s s e n t i a l .
I n  t h e  c a s e  ( 3 .3 )  t h e  component Cg* h a s  sh a p e  n u m b e r , s h .
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i n  C2 , u J .  i-'e p r o c e e d  w i t h  an  a n a l y s i s  w hich  h as  f e a t u r e s  s i m i l a r  t o
t h e  one a b o v e .  Ue s h a l l  d e f i n e  an  i n t e g e r  f o r  each  bounded component 
2
o f  R - C a t  w h ich  w i l l  c o u n t  t h e  m a n i f o ld  a t  w h ic h " th e  h o l e  f i r s t
a p p e a rs ' . ' .  Ue do t h i s  by f i r s t  d e f i n i n g  a  p a i r  o f  i n t e g e r s  U and  P
w i th  N i p  w hich  w i l l  be  v e ry  u s e f u l  i n  t h e  c o m p u ta t io n s  o f  f u t u r e
s e c t i o n s .  L e t  ^  d e n o te  t h e  n e c e s s a r i l y  f i n i t e  su b seq u e n c e  o f  M co n p -
*
r i s e d  o f  a l l  a n n u l i  M . . .  . f o r  I r f  j t f  a .  L e t  <6. . be  a s  b e f o r e
n ( i )  » ] + l
t h e  i n c l u s i o n  map t a k i n g  M. . = M i n t o  M.. T h e re  a r e  f o u r  c a s e s
- ] + l  n ( ] + l )  - ]
t o  c o n s i d e r .
a
8 .1 3 )  T he re  i s  o n ly  one a n n u lu s  i n  t h e  se q u e n c e
2 .̂ Then l e t  b o t h  P and  N be e q u a l  t o  t h e  in d e x  n ( l )  o f  t h i s  a n n u l u s .
I f  t h e r e  i s  more t h a n  one a n n u lu s  i n  t h e  se q u e n c e  'I**, l e t
P be  t h e  in d e x  o f  t h e  l a s t  a n n u lu s .  Now we s h a l l  p r o c e e d  a s  i n  t h e
p a r a g r a p h s  a b o v e .
8 .1 4 )  I f  a l l  t h e  i n c l u s i o n s  é_. a r e  e s s e n t i a l ,  l e t  N = n ( l ) ,  
t h e  in d e x  o f  t h e  f i r s t  a n n u lu s .
I f  t h e y  a r e  n o t ,  l e t  q  be t h e  l a s t  i n t e g e r  f o r  which i s  i n e s s e n t i a l .  
Again i s  t h e  c o m p o s i t io n  o f  t h e  i n c l u s i o n  maps i n  t h e  segm ent o f  
t h e  form  ( 8 . 1 2 ) ,  where R = n ( q )  and Q = n ( q - l ) .  T he re  a r e  two d i s t i n c t  
c a s e s  w h ich  c a n  a r i s e .
CL
8 .1 5 )  The m a n i f o ld  M i s  a  d i s k .  Then l e t  N = R.K—1
8 .1 6 )  None o f  t h e  M ^  w i th  Q <  n  R i s  a  d i s k .  Then l e tn
N = 0 + i - l  f o r  t h e  a p p r o p r i a t e  i  y  1 a s  i n  ( 8 .1 2 )  a b o v e .
The num ber o f  h o l e s  in  r i s e s  i n  s i n g l e  s t e p s  from  t h e
v a lu e  o f  one  f o r  a s  n i n c r e a s e s  f o r  a l l  f o u r  c a s e s . I f  sh  i s  f i n i t e
i t  r e a c h e s  t h e  c o n s t a n t  v a lu e  s h .
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L e t  u s  r e l a t e  t h e  se q u en c e  M** f o r  a  component C x  o f  shape
number sh  g r e a t e r  t h a n  %ero t o  t h e  bounded com plem entary  domains
,  1 — i  ^  s h ,  i n  t h e  p l a n e .  F o r  sh  e q u a l  t o  o n e ,  t h e r e  i s  t h e
l e a s t  i n t e g e r  N f o r  which a l l  t h e  i n c l u s i o n s  a r e  e s s e n t i a l .  There-15 n
i s  t h e  c o f i n a l  su b seq u e n c e  o f  M ^com posed o f  t h e  M w i th  n ( i ) j &  N
o
w hich  we h av e  d e f i n e d  above . Each o f  t h e  bounded  components o f  R ' -  t h e
a n n u l u s   ̂ i s  a  d i s k  ) ^ .  F o r  n ( i )  <  n ( i + l ) ,  where ^
a n d  a r e  s u c c e s s i v e  a n n u l i ,  t h e r e  a r e  tw o  o r  m ore d i s k  com n-
2o n e n t s  o f  R -  . I f  t h e r e  a r e  i n t e g e r s  n w i t h  N <  n <  n ( l ) ,  t h e n
2
R ' -  h a s  tvro o r  more d i s k  com ponen ts .  We d e f i n e  a monotone non­
d e c r e a s i n g  s e q u e n c e  n * o f  onen s e t s  G ^  whose u n io n  w i l l  be B For
n 1
2
n <  N l e t  G = «5, b e c a u s e  t h e r e  i s  no bounded component o f  R ' -  M *  n n
w hich  i s  a  s u b s e t  o f  . I f  t h e r e  a r e  i n t e g e r s  n w i th  ÎT <  n <  n ( l ) ,
t h e n  f o r  N n <  n ( l )  l e t  G *  ̂ = (d  ) . .  The i n t e g e r  i  i s ,  a s  vre have
n n 1
s e e n ,  g r e a t e r  t h a n  o n e ,  and t h e  symbol d e n o te s  t h e  d i s k  which l i e s  in
I f  t h e r e  a r e  n o t ,  l e t  Ĝ  ̂ = F o r  e a c h  o f  t h e  i n t e g e r s
n ( q )  2 lN ,  l e t  G ^ ^ ^ ^  = F o r  n ( i ) - <  n <  n ( i + l ) ,  l e t  G^ = (d^^^ o r
U l ( d n ) i |  1 *  g(n,#^(n))3" . C l e a r l y  (d^^^ S  G^ £
f o r  t h e s e  v a l u e s  o f  n .  F o r  a l l  n we have  G j £  G _ , and B.*^ = U . G .
n  n+ 1  1 ' ' n = l  n
O bserve  t h a t  t h e  i n t e g e r  N i d e n t i f i e s  t h e  m a n i f o ld  a t  w hich  t h e
h o le  B^"^ f i r s t  a p p e a r s ,  and t h a t  f o r  n  ^  W we h av e  and n o t
c o n t a i n e d  i n  i t s  com plem ent.
F o r  sh  >  1 we mair f o r  B̂  d e f i n e  a  n o n - d e c r e a s in g  sequence
G ^ * s u c h  t h a t  ^ o r  n %  l e t  G^ ^  = ( d ^ ) ^ .  Tdien
n ’T l e t  G ** = d .  F o r  t h e  i n t e g e r s  n  w i t h  N ^  n ^  ^ t h e r e  a r e  two 1 ,n
êt
P o s s i b i l i t i e s .  F or  c a s e s  ( B .14 -15 )  l e t  G_ . . .  = (d  , . » ) .  f o r
l , n ( i )  n ( i )  1
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N ^ n ( i )  <  P .  I f  t h e r e  e x i s t  v a l u e s  o f  n  w i th  n ( i )  ^  n <  n ( i + l ) ,
t h e n  l e t  ^  ^ — p ( n , # ( ( n ) ) j  . F o r  c a s e  ( 8 .1 6 )  t h e
same r e c i p e  i s  fo l lo w e d  w i th  t h e  a d d i t i o n a l  s t i p u l a t i o n  t h a t  f o r  Q + i - i
^ n < P ,  ^  = ( d ^ ) ^ ,  where i  i s  t h e  a p p r o p r i a t e  i n t e g e r  g r e a t e r
t h a n  o n e .  Each o f  t h e  bounded  com ponents  o f  R" -  ^ w i t h  i  >  1,
i s  t h e  n o n - d e c r e a s i n g  u n io n  o f  t h e  d i s k s  ^ ( d  ) .  |  P + i -1  ^  n  I . T h e r e -n 1
f o r e ,  l e t  G. f o r  n  <  P + i - 1 ;  l e t  G. ** = (d  ) .  o t h e r w i s e .  F o r  ii , n  i , n  n  i
> 1 , ^ i s  t h e  f i r s t  m a n i fo ld  whose complement c o n t a i n s  a  su b -
domain o f  . F o r  n <  P + i - 1 ,  B . * S  M.*^. F i n a l l y  we d ^ n e  a  se q u e n c e  1 i n  ^
. T h e .  f o r  U i  p .  and
Gq ^  (d  ) ^ |  1 £  g ( n ,« U n ) ) J  f o r  n ' y  P .  The s e t  Bp**is d e f i n e d
I , «0 m
t o  be t h e  u n io n  V  G .
TI- -  J  j l i
9 .  U - g e n e r a t in g  s p a c e s  f o r  t o p o l o g i c a l  g ro u p  u n i o n s .  A l l  
g roups  i n  t h i s  s e c t i o n  a r e  a b e l i a n .  L e t ( î î , i )  be an  A’lR se q u en c e  
and G a  CTAG, B ecause  t h e  s p a c e  i s  an  ABR(Compact M e t r i c ) ,  e ach  
g roup  H^(M^,G) i s  t h e  t o p o l o g i c a l  group q u o t i e n t  o f  r a t h e r  s p e c i a l  
g ro u p s .  LTien t h e  g roup  G c a r r i e s  a m u l t i p l i c a t i v e  s t r u c t u r e  w hich 
makes i t  a  f i e l d ,  i t  i s  f i n i t e  b e c a u se  i t  i s  c o m p a c t .  The f i n i t e  
f i e l d s  a r e  e a c h  i s o m o rp h ic  t o  one  o f  t h e  r e s i d u e  c l a s s  f i e l d s  Z /p " z ,  
where e i t h e r  p = 2 and n  = 1 , o r  p i s  a n  odd p r im e  and  n i s  a  p o s i t i v e  
i n t e g e r .  Then f o r  G = E /p  7, e a c h  h^(M^,G) becomes a  t o p o l o g i c a l  G 
m odule , f o r  t h e  m u l t i p l i c a t i o n  i s  p e r f o r c e  c o n t i n u o u s .  The t o p o l o g i c a l  
group L = in v  l im  I ^ / i )  can  be g iv e n  t h e  s t r u c t u r e  o f  a  t o p ­
o l o g i c a l  G m odule by d e f i n i n g  t h e  p r o d u c t  o f  a t h r e a d  t  and an  e l e ­
ment g o f  G a s  t h e  t h r e a d  s w i th  s^  = g t ^ .  T h is  makes e a ch  su b g ro u p  
I^ a  t o p o l o g i c a l  G m odule .
3fi
Each g ro u p  i s  C-4*l t o p o l o g i c a l l y  i so m o rp h ic  t o  t h e
d i s c r e t e  g roup  I t "  E /q^ Z , where n i s  a  p o s i t i v e  i n t e g e r  and
t h e  a r e  p o s i t i v e  i n t e g e r s .  I t  i s  n o t  n e c e s s a r y  t h a t  t h i s  g ro u p
be a b l e  t o  c a r r y  t h e  s t r u c t u r e  o f  a  f r e e  G m odu le .  However, when
G = Z /pZ , e a c h  e le m e n t  w i l l  have  o r d e r  p .  Each CTAG which h a s  t h i s
p r o p e r t y  i s  t o p o l o g i c a l l y  i s o m o rp h ic  t o  a  p r o d u c t  g roup"T T T ^  ^ i i J  X
Z/pZ w i th  t h e  Tychonov to p o lo g y .  Such a  g ro u p  becomes i n  a  n a t u r a l
way a  Z/pZ v e c t o r  s p a c e .
L e t  u s  assum e f o r  t h e  r e m a in d e r  o f  t h i s  s e c t i o n  t h a t  G =
Z/pZ. Then t h e r e  i s  a  m apping q from  t h e  p o s i t i v e  i n t e g e r s  t o  t h e
n o n - n e g a t iv e  i n t e g e r s  s u c h  t h a t  e a c h  g roup  ÎÎ^(M^,G) i s  t h e  d i s c r e t e
t o p o l o g i c a l  G m o d u le ”I I y Z /nZ . The g roup  L and  e a c h  g roup
i = l
L i s  e i t h e r  t h e  z e r o  g roup  o r  a  compact Z/pZ v e c t o r  sp a c e  { i j  x
Z/pZ, where 1 — k ^ V i .
I n  a  CTAG one may d e f i n e  C o J  t h e  n o t i o n s  o f  a  summable fam­
i l y  and a  c o n v e rg e n t  s e r i e s .  I n  a  t o t a l l y  d i s c o n n e c t e d  CTAG t h e s e
c o n c e p t s  c o i n c i d e  [ s ] .  I n d e e d ,  i t  can  be sho im  t h a t  a  s e r i e s  2 1  x
n-1 n
c o n v e rg e s  i f f  l im  x = 0 .
n-M» n
We e x te n d  t o  t h e  c l a s s  o f  compact T^^Z/pZ v e c t o r  s p a c e s  t h e
c l a s s i c a l  d e f i n i t i o n s  f o r  r e a l  Banach s p a c e s .
D e f i n i t i o n  9 . 1 .  "he  se q u e n c e  t  o f  e le m e n ts  t ^  o f  t h e  Z/pZ
v e c t o r  s p a c e  D = T T ^ _ ^  t i \  X Z/pZ w i th  t h e  Tychonov to p o lo g y  i s  s a i d
to  be a  b a s i s  i f f  f o r  e a ch  e le m e n t  x o f  D t h e r e  e x i s t s  a  u n iq u e
f u n c t i o n  from  t h e  p o s i t i v e  i n t e g e r s  t o  'Z/'pl' such  t h a t  x
D e f i n i t i o n  D.Z. The b a s i s  t  i s  s a i d  t o  be a  S ch au d e r  b a s i s
i f f  t h e  c o o r d i n a t e  f u n c t i o n a l s  Co ; D —»  Z/pZ such  t h a t  Co ( x )  = V
n n • Cl
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a r e  c o n t i n u o u s .
D e f i n i t i o n  9 . 3 .  The b a s i s  t  i s  s a i d  t o  be u n c o n d i t i o n a l  i f f  
t h e  s e r i e s  e x p a n s io n  f o r  each  e le m e n t  i s  summable ( a l t e r n a t i v e l y ,  
u n c o n d i t i o n a l l y  o r  c o m m u ta t iv e ly  c o n v e r g e n t ) .
Remark 9.U-. F o r  t h e  v e c t o r  sp a ce  D e v e ry  b a s i s  i s  an  uncond ­
i t i o n a l  b a s i s .
L e t  u s  d e r i v e  s e v e r a l  p r o p e r t i e s  p o s s e s s e d  by e v e ry  b a s i s
f o r  t h e  v e c t o r  s p a c e  D. L e t  T be t h e  s e t  o f  b a s i s  e le m e n ts  t ^ .
Lemma ^ . 5 . Ea c h  b a s i s  t  i s  M - l i n e a r l y  i n d e p e n d e n t ,  t h a t  i s ,
i f  y = 0 t h e n  a l l  t h e ^ ^  e q u a l  0 .
Lemma 9 . f .  L e t  H be t h e  F /pT t o p o l o q i c a l  v e c t o r  s p a c e
T T .  i  l  -  F/r>F w i t h  t h e  T’/chonov to n o lo q y  and f  a  m anninq o f  T 
3  «  J
i n t o  H.
9 . 5 . 1 )  I f  F i s  a  c o n t in u o u s  F/pZ l i n e a r  mappinq from  D i n t o  
H such  t h a t  F |T  = f , t h e n  ^ o r  each  e le m e n t  x  i n  D we have  F ( x )  =
9 . 6 . 7 )  The m appinq F d e f i n e d  in  ( 9 . 6 . 1 )  i s  a  c o n t i n u o u s  Z/pF
l i n e a r  m app inq .
Lemma 9 . 7 .  E v e r v  b a s i s  f o r  D i s  a  S ch au d e r  b a s i s .
T h is  f o l l o w s  from  ( 9 .6 )  bv  e x t e n s i o n  o f  a  b i s e c t i o n  o n to
t h e  c a n o n i c a l  b a s i s  f o r  D.
We r e q u i r e  some r e s u l t s  c o n c e r n in q  a  chanqe o f  b a s i s .
Remark 9 .R .  L e t  # b e  a  s e q u e n c e  o f  m appings i{;̂  from  t h e  p o s i t i v e
i n t e g e r s  i n t o  F/mF. D etune th e  se q u e n c e  t  V ’’ l e t t i n ^  t . = Z .  . U|. . t . .
— —I 1=1 T- ,̂1 1
Then i f  ^  i s  a  b a s i s  f o r  D, f o r  e a c h  p o s i t i v e  i n t e g e r  i  t h e r e  m ust
be a  v a lu e  o f  j  f o r  w h ich  T  . ^ 9 .
1 , 1
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F o r  t h e  n e x t  tvro lemmas l e t  p  = 2 .
Lemma 9 .Q .  D e f in e  t .  =% . t  . Then Z  t  = 0 .------------------  0 n = l  n n=0 n
E q u i v a l e n t l y ,  f o r  k Z  0 we h av e  t ,  t  .k *nfk n
Lemma 9 .1 0 .  F o r  each  k Z  0 , t h e  sequence  o f  t .  w i th  i  /  k i s  
a  b a s i s  f o r  D.
Suppose now t h a t  N i s  a  p o s i t i v e  i n t e g e r  and D = ' { i}  %
F /p F .  Then t h e  w e l l  knoi-m a n a lo g u e s  o f  t h e  p r e c e d in g  th e o re m s  c a n
be o b t a i n e d  by r e p l a c i n g  t h e  i n f i n i t y  a p p e a r in g  in  them by h .
L e t  d be  e i t h e r  a  p o s i t i v e  i n t e g e r  o r  be r e p l a c e d  by i n f i n i t y
i n  t h e  f o l l o w i n g  d e f i n i t i o n .  L e t  H be a  CTAG t o p o l o g i c a l l y  i s o m o rp h ic
t o  ^  X c a r r y i n g  t h e  p r o d u c t  to p o lo g y .  L e t S =U{ \ a ®  A i
be a  s u b s p a c e  o f  H w i th  e a c h  a  c l o s e d  subg roup  o f  S. L e t  K ^ n
= 0 i f  a  Z b .
D e f i n i t i o n  9 .1 1 .  The s u b s p a c e  3 o f  S i s  s a i d  t o  be a  U - g e n e r -
a t i n g  s p a c e  f o r  S i f f  f o r  e a ch  g ro u p  H iso m o rp h ic  t o  Xf — O S  X
and e a c h  s u b s p a c e  2  = |  h  6  ^  J  ^where t h e  c lo s e d  s u b g ro u p s
and ^  i n t e r s e c t  i n  0 , and e a c h  c o n t i n u o u s , a d d i t i o n  p r e s e r v i n g
m apping f  from  B i n t o  _S w i t h  t h e  p r o p e r t y  t h a t  f [ K j [ \  ^  f o r  some
b Q t h e r e  i s  a  u n iq u e  e x t e n s i o n  F o f  f  t o  S which i s  c o n t i n u o u s
and a  homomorphism on e a ch  K^.
Remark 9 .1 2 .  I f  B i s  a  U - g e n e r a t i n g  sp a c e  f o r  S , B r \
c o n t a i n s  a  b a s i s  f o r  K .a
10 . The ^ u n c t i o n s  F t r \ ( Z ^ ^  and S t ^ ( Z ^ ) .  Re d e f i n e  f u n c t i o n  
G tr^ (Z ^ )  whose domain i s  t h e  c l a s s  o^  Gnieo s e n u e n c e s ,  a  s u b s e t  o-'  ̂ t h e  
c l a s s  o f  ANR s e q u e n c e s .  The v a lu e  o f  S t r^ (M ,Z ^ )  i s  a s u b s p a c e  o f
It is defined in a uni-Form wa’’ over the domain but is not 
functorial. Re define the function so that its value Gt^(R,Z^)
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i s  t h e  p o i n t e d  s p a c e  ( S t r^ (M ,% ^ ) lJ  t  a p a in  b e a r i n g  t h e  t o p o l ­
ogy in d u ce d  from  L. Here 0 d e n o te s  t h e  z e ro  o f  t h e  i n v e r s e  l i m i t  p;roup 
L.
From t h i s  p o i n t  u n t i l  t h e  c o n t r a r y  i s  i n d i c a t e d  t h e  c o e f f i c ­
i e n t  Stroup w i l l  be  and t h e  symbol "Z^" w i l l  be o m i t t e d  u n l e s s  n e c ­
e s s a r y .  We assum e a l s o  t h a t  (M ,i )  i s  a  S p ie z  se q u en c e  f o r  a p l a n e
•f M ^
compactum C. F o r  t h e  se q u en c e  ( ’Î , i  ) p e n e r a t i n #  C,*, l e t  '3 and P he 
t h e  i n t e g e r s  d e f i n e d  i n  s e c t i o n  3 . We s h a l l  s e l e c t  f o r  each  component 
a  c a n o n i c a l  s e t ^ n  o f  t h r e a d s  o f  t h e  q roup  î ^ .  I f  h as  t r i v i a l
s h a p e ,  l e t iC t  be  t h e  empty s e t ^ f o r  n e i t h e r  o f  t h e  f u n c t i o n s  w i l l  con­
s i d e r  such  c o m p o n en ts .  I f  has  t h e  shape  o f  an  a n n u lu s ,  we s e l e c t  
t h e  o n ly  n o n - z e r o  t h r e a d  o f  I ^ ,  f o r  a s  we s h a l l  s e e  t h e  p r e c i s e  comp-
p
o n e n t  o f  R" -  i n  w hich  c o n v e rg e n c e  t o  C* t a k e s  p l a c e  i s  o f  no
s i R n i f i c a n c e .  I f  h a s  sh a p e  number g r e a t e r  t h a n  o n e ,  we s h a l l  s e l e c t
o
one t h r e a d  f o r  e a ch  component o f  R“ -  C* , f o r  a s  we s h a l l  l a t e r
i l l u s t r a t e  ^the d e s i g n a t i o n  o f  t h e  com ponents  i n  which co n v e rg e n c e
o c c u r s  i s  n e c e s s a r y  t o  s p e c i f y  a  p l a n e  s h a p e .
Each g ro u p  i s  i s o m o rp h ic  t o  t h e  d i s c r e t e  p r o d u c t  g roup
T F . H. (M . ) .  Each g roup  H. (H . )  i s  t h e  z e ro  g roup  o r  i s  i s o -
*• ] = 1  1 n ,3 - 1 n , ]
m orph ic  t o  t h e  p r o d u c t  g roup  (Z The s e t  f  (b  . ) . (  1 ^  i  —
-- n , 3 1
s ( n , j ) | c a n  be i d e n t i f i e d  w i t h  a  b a s i s  f o r  c o n s id e r e d  a s  a  Zg
v e c t o r  s p a c e .  We s h a l l  a l s o  i d e n t i f y  t h e  e le m e n ts  o f  t h i s  s e t  w i t h  a
s u b s e t  o f  t h e  b a s i s  f o r  H. (*! ) t o  a v o id  c lum s^  and u n necessa ry '’ n o t -1 n
a t i o n .
F o r  a  component C«i w i th  sh  = 1 ,  l e t ^  c o n s i s t  o f  t h e  t h r e a d
t  t o  be d e f i n e d  u s in g  s e c t i o n  3 .(3 E ie re  t h e r e  i s  no d a n g e r  o f  c o n f u s -
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i o n ,  t h e  symbol " a "  w i l l  be  o m i t t e d .  F o r  n < N, l e t  t ^  = 0 .  I f  t h e r e  
a r e  i n t e g e r s  n w i th  !I < n < n ( l ) ,  t h e n  l e t  t ^  = (b^  f o r  t h e  a p p ro p ­
r i a t e  i n t e g e r  i  g r e a t e r  t h a n  one f o r  II ^  n < n ( l ) .  F o r  e a c h  o f  t h e  
i n t e g e r s  n ( j )  ^  N l e t  t^ ^ ^ ^  = For n ( j )  < n < n ( j + l ) ,  l e t  t ^  =
I .  (b ) .  o r  (b  ) . .  From t h e  d i s c u s s i o n  i n  s e c t i o n  8 one can1-1 n  1 n  1
show t h a t  = ^n-
When sh  > 1 ,  s e l e c t  t h r e a d s  t ^  f o r  i  1 a s  f o l l o w s .  F o r  n
< P + i-1  l e t  t .  = n .  For n  > P + i - 1 ,  l e t  t .  = (b  C l e a r l y  i , n  — i , n  n 1
I  ( t .  = t .  . T o  d e f i n e  t h e  se q u e n c e  t . ,  l e t  t .  = 0  f o r  n  <n+1 i , n + l  i , n  ^ 1 ’ l , n
II and  t^  ^  = (b^^^  f o r  n  ^  P .  F o r  t h e  i n t e g e r s  W ^ n  < P t h e r e  a r e  two
p o s s i b i l i t i e s .  For  c a s e s  ( 8 . 1 4 - 1 5 )  l e t  t  / . » =  (b  I f  t h e r e
l , n ( : )  n ( ] )  1
e x i s t  v a l u e s  o f  n w i th  n ( j )  < n < n ( j + l ) ,  l e t  t .  =I ) .l , n  1-1 n  1
o r  ( b ^ ) ^ .  I n  c a s e  ( 8 .1 6 )  one d e f i n e s  f o r  Q+i-1 £ n  < R t h e  v a lu e  o f
t .  t o  h e  (b  ) .  f o r  t h e  a p p r o p r i a t e  v a lu e  o f  i  g r e a t e r  t h a n  o n e .  l , n  n 1
I t  i s  s t r a i g h t f o r w a r d  t o  show t h a t  I  . ( t . , .  ) = t . f o r  a l l  v a lu e s
n+1 l , n + l  l , n
o f  n .  A se q u en c e  t .  i s  d e f i n e d  by  l e t t i n g  t „  = t ,  f o r  n  < P and0 0 ,n  l , n  —
t .  f o r  n  > P . T h a t  I  ( t .  ^ . )  = t .  f o r  n < P f o l l o w s1=1 i , n  n+1 0 ,n + l  0 ,n
from  t h e  p r o o f  f o r  t . .  F o r  n > P ,  t h e  r e s u l t  f o l l o w s  b e c a u s e  I ^ . ( ( b  , ) ' )1 — n+1 n+1 1
e q u a l s  (b  ) .  when 1 < i  < g ( n , a ( n ) ) ,  and I  , . ( b  . )  , . e a u a l s  z e r o ,n  1 — n+1 n+1 gCn)
( H e r e a f t e r  we s h a l l  o m it  t h e  sym bol a ( n )  from t h e  v a lu e  o f  g . )  Thus
a l l  t h e  s e q u e n c e s  t  a r e  t h r e a d s  o f  L^. The s y m b o ls t”  w i l l  h e r e a f t e r
d e n o te  t h e s e  c a n o n i c a l l v  d e f i n e d  e le m e n ts  o f  L .
o
The sp a c e  S tr^ (M ) w i l l  be  t h e  s e t ^ f *  \ i s  a  component o f  
C ^ c a r r y i n g  t h e  to p o lo g y  in d u c e d  from  L.
1 1 .  The f u n c t i o n s  S t r ,  and  S t « .  D e f in e  a t  t o  be t h e  r e s t r i c -
io n  o f  a  : S^(M) -»• S^(M) t o  C t r ^ ( M ) .L e t  C t  be t h e  r e s t r i c t i o n  o f  6
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t o  S t^ (M ).  The m apping  f t  i s  a  c o n t in u o u s  nappinp; i n t o ,  b u t  n o t  n e c ­
e s s a r i l y  o n t o ,  S^(M).
We d e f i n e  t h e  f u n c t i o n  S t r ^  w i t h  domain t h e  s e t  o f  a l l  S p ie z  
se q u en c e s  M t o  h a v e  t h e  t r i p l e  C t  : S t r ^ O O  a s  i t s  v a l u e  a t
M. The v a lu e  o f  t h e  f u n c t i o n  S t^  a t  M i s  d e f i n e d  t o  be t h e  t r i p l e
c t  :
I f  f  i s  a  mapping :^ron one S p ie z  se q u en c e  ( M , i )  t o  a n o t h e r
( M , i ) ,  S ( f )  n e e d  n o t  mao S t r  (M) i n t o  S t r . ( M )  even  i f  f  i s  d e r i v e d  
—  —  1 1 1 —
from a  homotomr e q u iv a l e n c e  o-*̂  p o l ^ h e d r a .
1 2 .  S c h a u d e r  b a s e s  and S t r , .  Suonose t h a t  s  i s  t h r e a d  o f  S, (Î1), 
 1—  -  1
L et q b e  an  i n c r e a s i n g  se q u en c e  o f  p o s i t i v e  i n t e g e r s .
Lemma 12. 1 . The s e t  o f  s e t s  { x I x E S (P )  and x . .  ̂ = s . . .  } ---------------------------------------  1  qCi )  q ( ] )
f o r  a l l  j  i s  a  l o c a l  b a se  o f  open and  c l o s e d  s e t s  f o r  s i n  S^(M).
Lemma 12. 2 . Suppose t h a t  y  i s  a  s e q u e n c e  o f  t h r e a d s  i n  S ^ ( ’l ) .
The s e q u e n c e  y c o n v e rg e s  t o  s i f f  f o r  e a c h  v a lu e  o f  j  t h e r e  i s  an
i n t e g e r  I  su c h  t h a t  when i  > I  we h av e  y .  . . .  = s
q ( ] )
Suppose t h a t  A i s  a  s u b s e t  o f  S ^ ( ’I) and s e A.
Lemma 1 2 .3 .  The p r e c e d in g  lemmas rem a in  t r u e  i f  A i s  s u b s t i t u t e d
f o r  S ^ ( P ) .
Lemma 12. Suonos e  t h a t  com nonent C h a s  sh a p e  num ber ,  s h ,  ------------------------------------------  a
g r e a t e r  t h a n  o n e ,  b u t  f i n i t e .  Then t h e  s e t  { t .  I 1 < i  < sh  } i s  a
S chaude r  ^ a s i s  :^or L .
a
sliP r o o f :  Each e le m e n t  E ._ ' r . t . ,  where r .  e Z , b e lo n g s  t o
1—1 1 1  1
L b e c a u s e  L i s  a  Z_ v e c t o r  s n a c e .  Suonose  t h a t  x i s  an  e le m e n t  o f  L . c a 2 a
We have s e e n  t h a t  f o r  n > P + s h -1 ,! '  h a s  sh  h o l e s .  The Z. v e c t o r  so a ce
— n 2
K, (!! h a s  a s  a  b a s i s  t h e  s e t  fb . ! 1 < i  < s h  } . F u r th e r m o r e ,1 n n , i  ■ — —
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i , n n , i
i n  Z^
n , i 2
’ , Nown , i
lus ro r  th ese  values o r n th e re  e x is t  unique
sh  .
^ i = l  ^ n , i  i , n  " *n
= (b e c a u s e  x i s  a  t h r e a d ) ,
^ ^n+1 ( ^ i = l  ^ n + l , i  ^ i . n + l ^
sli
= %i=l "’n + l , i  ^ n t i  ( " i , n + l ^  . ( b e c a u s e  
i s  a  7,  ̂ l i n e a r  n a p p in p ; ) ,
= E . r  . t .  , b e c a u s e  n 2: P + sh -1 .1=1 n+1,1 i , n *
Then we can  c o n c lu d e  t h a t  r  . . = r  . ,  b e c a u se  t h e  t . f o r n  a  b a s i s .n+1,1 n , i  i , n
Now l e t  R. = r _ ,  , . . .  Then t h e  t h r e a d s  x and  X- . ' R. t . h ave  th e1 P + s h - 1,1 1=1 1 1
sa n e  n t h  c o o r d i n a t e s  f o r  n > P + s h -1 .  They have  t h e  s a n e  c o o r d i n a t e s  f o r  
n < P + s h - 1 .b e c a u s e  t h e y  a r e  t h r e a d s .  C o n s e q u e n t ly  t h e y  a r e  e q u a l .
C oro1l a r y  1 2 .5 .  Suppose t h a t  sh  i s  f i n i t e  and  g r e a t e r  t h a n  o n e .  
L e t 0 < k < s h .  The s e t  { t .  1 i  ^ k > i s  an  u n c o n d i t i o n a l  S c h a u d e r  
b a s i s  f o r  la  .
T h is  f o l l o w s  f r o n  t h e  f i n i t e  d i n e n s i o n a l  a n a lo g u e  o f  ( a . 10)
and t h e  o t h e r  l e n n a s  o f  t h a t  s e c t i o n .
Lenna 1 2 . f .  Suppose t h a t  C h a s  i n f i n i t e  sh a p e  n u n b e r .T h e n  th e
a
s e t  {t . 1 1 < i  } i s  a  b a s i s  f o r  L .1 — a
The s e r i e s  Z . r .  t .  b e lo n g s  t o  L f o r  r . i n  Z . To p ro v e  
1-1 1 1 a 1 ..
t h i s  l e t  s ( n )  = r . t ^ .  The s e t  = { ( x , y )  I % and  y e L ^ a n d
X -  y = 0 } f o r  q > ?  i s  a  b a s e  f o r  t h e  o n lv  u n i f o r n i t y  on L .Now q q — '  c(
t . = 0  f o r  q < P + i - 1 ,  and t h i s  i s  t r u e  when q < i .  T h e r e f o r e  when1 3 0
n  and n a r e  g r e a t e r  t h a n  e ,  ( s ( n ) ,  s ( n ) )  b e lo n g s  t o  R , f o r  s ( n ) - s ( m )
= ^  r ^  t ^ .  Thus t h e  se q u e n c e  s  i s  Cauchy and  i n  a  c o n p a c t  g roup
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c o n v e rg e s .
L e t  u s  now p ro v e  t h e  c o n v e r s e .  Suppose t h a t  x  b e lo n g s  t o
L e t  n J l  P .  Then { b . | 1 < i  < n-P+1  } i s  a  b a s i s  f o r  H. (%%), and
n , i  — — I n
b , = t .  . T he re  i s  a  u n io u e  s e t  o f  e le m e n ts  r  . o f  such  t h a t  n , i  i , n  - n , i  2
X = r  t ,  . Ue c a n  deduce  t h a tn 1=1 n , i  i , n
^ ^n+1 *-^i=l ^ n + l , i  “̂ i . n + l ^
~ ^ i = l  ^ n + l , i  ^ h + l ( ^ i , n + l )  *
How, f o r  1 < i  < n-P+1 we h a v e  = t , ^ ^  an d  1^+, ( tn _ p + 2 ,n + l )
e q u a l  t o  z e r o .  Then t h e  r i g h t  hand  s i d e  becomes
^ " i = l  V l , i  ^ i , n *
Ue t h e n  can  c o n c lu d e  t h a t  r  . . = r  . f o r  1 < i  < n -P + 1 .  L e t  R. =
n+1,1 n , i  — — 1
y
r .  _ . . f o r  i  > 1 .  Then x = Z. .  ̂ R t .  f o r  k > n -P + 1 .  T h e r e f o r e  by i + P - l j i  — n 1=1 £ 1 —
lemma 12. 2 , t h e  s e r i e s  c o n v e rg e s  t o  x .
C o r o l l a r y  1 2 . 7 . L e t  k i  0 ,  an d  have i n f i n i t e  sh a p e  number.
Then t h e  s e t  { t .  I iY k} i s  an  u n c o n d i t i o n a l  S c h a u d e r  b a s i s  f o r  L .1 a
T h is  f o l l o w s  from  ( 9 . 4 ) ,  ( 9 . 7 ) ,  and ( 9 . 1 0 ) .
Remark 1 2 .8 .  The m anning h w i t h  h (0 ) = 0 and  h ( l / n )  = t  .——————  - n-1
f o r  n  >_1 i s  a  homeomorphism o f  t h e  su b s p a c e  {0} U  { 1/ n  | n  ^  1} o f
t h e  r e a l  l i n e  o n to  t h e  s u b s n a c e  p t  “ {C } o f  L .a a
H e r e a f t e r  l e t  L d e n o te  i f ,  \ J  {01 =pt ^{C } = { t .  I 0 < i } ya  ct 1 ‘ —
{0}.
Ue e s t a b l i s h  o n ly  t h a t  h i s  c o n t in u o u s  a t  z e r o ,  t h e  r e m a in d e r
o f  t h e  p r o o f  b e i n g  s t r a i g h t f o r w a r d .  The s e t  o f  s e t s  { t .  J t .  .= 0 }1
i s  a  l o c a l  b a s e  a t  z e ro  when i  t a k e s  a l l  n o n - n e g a t iv e  v a l u e s .  For
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j  ^  n t h e  n e ig h b o rh o o d  {0} { l / n  I n >_j+3} i s  manned i n t o  t h e  s e t
{0} u) { t ^  I i  ^  j+ 2  }. But t .  = 0 f o r  i  ^  j+ 2 .
13 . B a s ic  t o n o l o r i c a l  p r o p e r t i e s  o f  S t r^ C ’O and S t ^ ( M ) , Supnose
t h a t  t h e  s h a n e  n u n h e r  o f  C i s  e q u a l  t o  one .ct
Lenna 1 3 . 1 . T here  i s  an  i n c r e a s i n g  se q u en c e  o f  p o s i t i v e  i n t e q -  
e r s  <l ( j )  s u c h  t h a t  i s  an  a n n u lu s  and =
h , q ( i V  Uj = f y  I y  t  St , (M) and } f o r
j  ^  1 i s  a  l o c a l  b a s e  o f  open and  c l o s e d  s e t s  i n  St^(M) a t  t ^ .
S upnose  t h a t  C h as  sh an e  n u n h e r  g r e a t e r  t h a n  one  and  t .  i s  aa - 1
t h r e a d  o f l (  .a
Lenna 1 3 .2 .  For n > P , e a ch  M ^ i s  a  d i s k  w i th  two o r  n o r e  ------------------  — n
h o l e s .  The s e t s  u^ = { y | y  e 5 t^(M ) and  y^ = t ^  j }  f o r  j  ^  P + i-1
i s  a  l o c a l  b a s e  o f  open and  c l o s e d  s e t s  i n  S t^ ( î î )  a t  t ^ .  Zero  d oes  n o t
b e lo n g  t o  any  o f  t h e s e  s e t s .
Lenna 1 3 .3 .  Mo n o i n t  o f  L -  L can be  a  l i m i t  p o i n t  o f  S. (M) 
--------------------------- - a  a  1
-  L .
a
He t r e a t  tvro c a s e s  s e p a r a t e l y .
1 3 . 3 . 1 )  C h as  f i n i t e  sh a n e  number sh  g r e a t e r  t h a n  o n e .  Sunnose ct
t h a t  s  i s  a  l i m i t  n o i n t  o f  s". (H) -  Ï7 , s  b e lo n g s  t o  l" -  L , and  x i s  a
1 ct a a
s e q u e n c e  o f  t h r e a d s  o f  S^( î l )  -  L^ c o n v e rg in g  t o  s .  Now s = r u t . .
We s h a l l  show t h a t  e i t h e r  a l l  t h e  r .  a r e  e q u a l  t o  one o r  o n ly  one  o f1
them  i s .  F o r  t h e  i n t e g e r  q  = P + sh ,  t h e r e  i s  an i n t e g e r  J  s u c h  t h a t  when
j  > J  we h a v e  x . , t h e  n th  c o o r d i n a t e  o f  x . ,  e q u a l  t o  s  . Now x . does-  ] , g  ] q 1
n o t  b e lo n g  t o  L . T h e r e f o r e  t h e r e  i s  an  i n t e g e r  d > n su c h  t h a t  x ,  , a ‘ J , d
^ s . L e t  d b e  t h e  l e a s t  such  i n t e g e r .  Then x_ , . = s .  and  d -1  > 
d J , d - 1  d -1  —
q .  Now i s  a  main component w i th  sh  ^  2 h o l e s .  Suppose  t h a t  Xj.
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b e lo n g s  t o  Lg, where Cg = a t ( x j ) .  Then M^B i s  a s u b s i d i a r y  component
w hich  can o n ly  be  a  d i s k  o r  a n n u lu s .  I t  c a n n o t  be a  d i s k ,  f o r  t h i s
a s su m p t io n  would  r e q u i r e  t h a t  •, be  z e r o .  Then . w ould  have  t o
J  jCl J  —1
be  z e r o ,  i fh ic h  c o n t r a d i c t s  t h e  f a c t  t h a t  , = s , . ,  w h ich  i s  n o tJ ,Q~1 Cl-l
o o
z e r o .  T h e r e f o r e  i s  an a n n u lu s .  By c o n d i t i o n  ( B . l )  (h^  m ust be
d e fo rm a b le  i n  M, . ^ = ÎÎ, t o  one o f  t h e  c i r c l e s  ( b ,  o r  t o  t h ed—1 d-1 d-1 1
u n io n  Z. ( b ,  _ ° 1 . .  Then we have x_ , , = t ?  , , o r  t ?  , . .1=1 d -1  1 J , d - 1  i , d - l  1=1 i , d - l
S in c e  x? , . = s ,  . ,  i t  f o l l o w s  t h a t  s ,  , = t .  , . o r  Z. t .  , . .J , d - 1  d -1  d -1  i , d - l  1=1 i , d - l
Because  I  . t a k e s  t . . t o  t .  when n > P + s h -1 ,  s = t .  o rn+1 i , n + l  i , n  — ’ n i , n
Z. t .  f o r  t h e  v a lu e s  o f  n  > d - 1 .  Then s  = Z. t .  o r  t .  f o r  1=1 i , n  — 1=1 1 1
some i  ^  1 .
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1 3 . 3 . 2 )  The shape  number o f  C i s  i n f i n i t e .  Then s  = Z. r . t . .
a  1=1 1 1
We s h a l l  show t h a t  e i t h e r  o n ly  one o f  t h e  r ^  i s  n o t  z e ro  o r  a l l  a r e
n o n - z e r o .  L e t  k  b e  t h e  f i r s t  p o s i t i v e  i n t e g e r  f o r  w hich r ^  ^ 0 .
T here  i s  an  i n t e g e r  J  such  t h a t  when ] > J ,  x, ^ = s ,  „  . L e t  q be
— k+P-1 k+P-1
t h e  g r e a t e s t  i n t e g e r  f o r  w hich x .  = s . Now H.(M “ ) i s  a  v e c t o r
u , q  q  I n  2
s p a c e  w i th  b a s i s  { (b  ” ) .  ! 1 < i  < n-P+1 } f o r  n > P . The m a n i f o ldn 1 ' — — —
S Pwhere C '= o t ( x ^ ) , m ust be  an a n n u lu s  by t h e  a rgum ent g iv e n  a b o v e .
q —p^“j[
Then s  e q u a l s  t .  . o r  Z. t . bv t h e  a r g ’i n e n t  g iv e n  a b o v e ,q i , q  1=1 i , q  "
L e t  n ( l )  = q .  We now t r e a t  t h e  two d i f f e r e n t  p o s s i b i l i t i e s  by i n d u c t i o n . ^
H aving  d e f i n e d  an i n c r e a s i n g  s e q u e n c e  o f  i n t e g e r s  n ( h )  f o r
1 < h < H su c h  t h a t  s  , , ,  = t .  , f o r  t h e s e  v a l u e s ,  l e t  u s  f i n d  an— — n ( h )  i , n ( h )
i n t e g e r  n ( H+ l )  > n( î î )  such  t h a t  t h e  e q u a l i t y  h o ld s  f o r  H+1. T here  i s
an  i n t e g e r  J  s u c h  t h a t  when j  > J ,  x .  = s  . L e t  q  be a s— ] , n ( H ) + l  n ( H) + l
b e f o r e  t h e  g r e a t e s t  i n t e g e r  f o r  w hich x^  = s , A gain one may deduceÜ ,q  q
Q-n+1
t h a t  s  IS e q u a l  t o  t , f o r  some d > 1 o r  t o  Z ■ ‘ t .
.. q -  z = l  i , q .
^See s e c t i o n  1 ,  ADDENDA, p .  70
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I f  t h e  f i r s t  p o s s i b i l i t y  o b t a i n s ,  t h e  f a c t  t h a t  f o r  e a c h  e  we have
V ( t  ) e q u a l  t o  z e r o  o r  t o  t  im p l i e s  t h a t  d = i .  I t  i s  n o tn ( H ) , q  e , q  e ,n (H )
p o s s i b l e  f o r  t h e  se co n d  p o s s i b i l i t y  t o  o c c u r ,  f o r  V ( ^ .  1 -P + l  )
n ( H ) , q  1=1 i , q
= t ^  n(H)* n (H + l)  = q .  We ma]/ t h e r e f o r e  c o n c lu d e
t h a t  t h e r e  i s  a n  i n c r e a s i n g  s e q u e n c e  o f  i n t e g e r s  n ( h )  s u c h  t h a t  s^^^^
= t .  C o n s e q u e n t ly  s = t . .i , n ( h )  1
Having d e f i n e d  a  s e q u e n c e  o f  i n t e g e r s  n ( h )  w i t h  1 h ^  H
s u c h  t h a t  s  . . n ( h ) - P + i  yg  c a n  f i n d  a  s t i l l  l a r g e r  i n t -
n i u j  1—1 i jTivn^
e g e r  n ( H+ l )  f o r  which t ^  n ( H+l ) *  e n a b le s
us  t o  deduce  t h a t  s = E . . ”  t . »
1=1 1
Lemma 1 3 . 4 . The s p a c e  S t ^ ( H)  i s  c l o s e d  i n  S^(M).
I f  a  s e q u en c e  i n  St^(M)  c o n v e rg e s  t o  z e r o ,  i t  c o n v e rg e s  t o  an  
e le m e n t  o f  t h i s  s p a c e ,  f o r  z e r o  b e lo n g s  t o  i t .  I f  a  s e q u e n c e  x o f  e l e ­
m ents  o f  t h i s  sp a c e  c o n v e rg e s  t o  a  n o n -z e ro  e le m e n t  o f  S ^ ( î l ) ,  t h e n  t h e r e  
i s  an  i n t e g e r  J  su c h  t h a t  when j  J ,  x̂ . ^ 0 .  A p p l i c a t i o n  o f  t h e  p r e c e d ­
in g  lemma c o m p le te s  t h e  p r o o f .
C o r o l l a r y  1 3 . 5 . The s p a c e  St^(M) i s  co m p ac t.
Lemma 1 3 . 6 . The s p a c e  St^(M ) i s  t h e  one  p o i n t  c o m p a c t i f i c a t i o n  
o f  t h e  s p a c e  S t r ^ ( M ) ,  w h ere  i n  c a s e  S tr^ (M ) i s  c o m p a c t ,  t h i s  com pact­
i f i c a t i o n  i s  d e f i n e d  t o  be  t h e  r e s u l t  o f  a d d in g  an a d d i t i o n a l  i s o l a t e d  
p o i n t  t o  t h e  s p a c e .
T h is  f o l l o w s  from  t h e  u n iq u e n e s s  o f  t h e  one  p o i n t  c o m p a c t i f i ­
c a t i o n  o f  a  l o c a l l y  c o m p a c t ,  n o n - c o ^ n a c t  s p a c e .
C o r o l l a r y  1 3 . 7 . F o r  any  component Crt o f  C, i s  a  d i s c r e t e  
s p a c e  i n  t h e  r e l a t i v e  t o p o l o g y . I f  L ^  i s  i n f i n i t e , i t  i s  p e r f e c t ,  b u t  t h e
p o i n t s  o f  L -  L a r e  l i m i t  n o i n t s  o f  L and n o t  o f  S (H) -  L .ct a  ■ ct I n
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C o r o l l a r y  1 3 . 8 . I f  h a s  i n f i n i t e  sh a p e  num ber , t h e r e  a r e  no
g roup  s t r u c t u r e  r e l a t i o n s  be tw een  t h e  e le m e n ts  o f i  . The r e l a t i o n  t
a 0
-  t ^  i s  a  t o p o l o g i c a l  g roup  r e l a t i o n  and  r e q u i r e s  t h e  n o t i o n  o f
c o n v e rg e n c e .
Lemma 1 3 . 9 . Two S p ie z  sy s te m s  ( M , i )  and have  i s o m o rp h ic
v a l u e s  o f  St^ i f f  t h e y  have  i so m o rp h ic  v a l u e s  o f  S t r ^ .
T h i s  i s  t r u e  b e c a u s e  any  homeomorphism o f  l o c a l l y  com pact
H a u s d o r f f  s n a c e s  h a s  an  e x t e n s i o n  w hich  i s  a  homeomorphism o f  t h e  one
p o i n t  c o m p a c t i f i c a t i o n s  w hich maps one added  p o i n t  t o  t h e  o t h e r .
The n e x t  two lemmas a r e  s u p o la m e n ts  t o  ( 1 2 . 2 )
Lemma 1 3 .1 0 . F o r  x in  L, t h e  s e t s  { y  | y  e L and  y^ = 0} a r e
open and  c l o s e d  l i n e a r  s u b s p a c e s ,  and t h e  s e t s  { y  | y £ L and  y^  =
X } a r e  onen  an d  c l o s e d  f l a t s  f o r  n  > 1 .  Each n o i n t  x o f  a  s u h s r a c e  A 
n —
o f  L h a s  a  l o c a l  b a s e  o f  open and  c l o s e d  s e t s  form ed by i n t e r s e c t i n g  
a  s e t  o f  t h e s e  f l a t s  w i t h  A.
Lemma 1 3 .1 1 . Tb.e n t h  p r o j e c t i o n  o p e r a t o r  from L o n to
i s  a c o n t in u o u s  homomorphism f o r  a l l  n .  T h e r e f o r e  i f  x = t . ^ ^
_ sh  . a t h e n  X = E. . r . t .n 1=1 1 i , n
Lemma 1 3 . 1 2 . Suppose t h a t  t^  ^ i s  t h e  o n ly  t h r e a d  o f T h e r e  
e x i s t s  an  i n c r e a s i n g  se q u en c e  o f  i n t e g e r s  n ( j )  such  t h a t  t h e  p a i r s  o f  
d i s j o i n t  open  and  c l o s e d  n e ig h b o rh o o d s
" n ( j )  = f y  ' y  = I’n C j)  =
" n ( j )  = ( y  I  y  c and y^^^^ = n }
have, t h e  f o l l o w i n g  p r o p e r t i e s .
1 3 .1 2 .1 )  The s e t  o f  u^^^^ f o r  j  ^  1 i s  a  l o c a l  b a s e  a t  t ^ * .
1 3 .1 2 .2 )  The s e t  o f  w . . .  i s  a  l o c a l  b a s e  a t  0 .n(, ] )
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1 3 .1 2 .3 )  For e a c h  component o f  C w i th  sh a p e  nuinber g r e a t e r
t h a n  o n e ,  e i t h e r  L u , . . = « } o r u , . .  c o n t a i n s  p r e c i s e l y  t h e  t h r e a d sn ( ] )  n ( ] )
t ^ °  and  t ^ ^  an d  t h e  r e m a in in g  e le m e n ts  o f  b e lo n g  t o  y
P r o o f :  C o n s id e r  n ( j )  f o r  j  ^  1 .  Denote  i t  by ÎÎ. Suppose  t h a t
a  t h r e a d  t^°^ o f  L ^ f o r  w i t h  sh a p e  number sh  g r e a t e r  t h a n  one  b e lo n g s
t o  u ,,.  Denote  t . ^ by x .  Then t .  , °  = x ,, .  F o r  n  > p” , M ^  i s  a  m ain  comp- N 1 i ,N  N ’ n ^
o n e n t  w i th  two o r  more h o l e s .  We show f i r s t  t h a t  i t  i s  n o t  p o s s i b l e  f o r
F ^ to  be l e s s  t h a n  ÎÎ. From t h e  e q u a l i t y  t . = x,, we can  c o n c lu d e  t h a t
1 , ! Î  N
But i s  an  a n n u l u s ,  vrhereas when p” < ÎI, 11̂  h a s  two o r  
more h o l e s .  Because ^  N, we can  deduce  t h a t  t j  = 0 f o r  j  > 1 and
so t b e lo n g s  t o  w . M oreo v e r ,  t  ”  = t .  ^  f o r  n ^  p”  C o n s e q u e n t ly , ̂ i! U jTl 1 jTl
sin ce  one o f t^** and b e lo n g s  t o  u^^, so  does  t h e  o t h e r .
We rem a rk  t h a t  f o r  n ( j )  < n  < n ( j + l )  t h e  c o n c l u s i o n  n e e d  n o t  be 
t r u e .  I t  i s  p o s s i b l e  t h a t  t ^ ”  n o t  b e lo n g  t o  u^ even th o u g h  t^*^ d o e s .
Lemma 1 3 .1 3 . Suppose t h a t  t,_^ i s  a  t h r e a d  o f  f o r  a  comp­
o n e n t  Cg o t  sh a p e  number s h  g r e a t e r  t h a n  o n e .  Then t h e  p a i r s  o f  d i s j o i n t  
open  and c lo s e d  n e ig h b o rh o o d s
u = { y  I y  E S t .  (M) and  y = t ,  ^ } and
I*  X T1 rC 5 T1
w^ = { y  l y e  St^(M ) and  y ^  = 0 }
f o r  n >_ P when k = 0 a n d  f o r  n  >_ P + k - l  o t h e r w i s e  h a v e  t h e  p r o p e r t i e s
( 1 3 . 1 3 . 1 - 3 )  l i s t e d  i n  s e c t i o n  2 ,  ADDENDA, on page  70 .
D enote  t ^ ^  by x .  Assume t h a t  n>_ P . Suppose t h a t  t^°^ b e lo n g s
t o  u . Then t . = x . F o r  t h e  comnonent C t h e r e  i s  an i n t e g e r  P*̂n i , n  n  a
su ch  t h a t  M^a i s  t h e  l a s t  a n n u lu s  i n  t h e  s e q u e n c e .  F o r  n = P^ t h e
n e x t  p a r t  o f  t h e  a rgum en t i s  t h e  same a s  t h e  one a b o v e .  F o r  n  ^  P^ ,
t h e  a s s u m p t io n  t h a t  P”  < n r e n u i r e s  t h a t  M ” , w hich e a u a l s  M be a
n ■ n
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a  main component w i th  two o r  more h o l e s  i n  b o t h  t h e  s e q u e n c e s  M° and
. T h is  i s  f o r b i d d e n  by ( 8 . 1 - 3 ) .  T h e r e f o r e  P” > n .  But when n £
we have  t .  *̂ = 0 f o r  i  > 1 ,  so  t h a t  t.*^ b e lo n g s  t o  w . M oreover,1 n
t ^  ^  ~ ^0 n”  * t h a t  b o t h  t^*^ and  t ^ °  b e lo n g  t o  u ^ .
Theorem 1 3 .1 4 . Suppose t h a t  (M ,i )  and  (^ j i_ )  a r e  S p ie z  seq u en ces  
an d  t h a t  ( h ^ ,h ^ )  i s  an  isom orph ism  from St^(M ) t o  S t^ ( I I ) .  Then t h e r e  i s  
a  u n iq u e  e x t e n s i o n  o f  h^ t o  h  ; S^(M) -+ su c h  t h a t  ( h , h ^ )  i s  an
isom orph ism  from  S^(M) t o
Suppose  t h a t  h i s  an  e x t e n s i o n  o f  h^ w i th  t h e  p r o p e r t i e s  d e s -  
s c r i b e d  a b o v e .  Then f o r  e a c h  C^, h |b ^  i s  a  t o p o l o g i c a l  v e c t o r  sp ace  
isom orph ism  w hich  i s  an  e x t e n s i o n  o f  h ^ |L ^ .  T h e r e f o r e  by ( 9 . 6 ) , f o r  each  
X i n  h ( x )  = Co^(x) h^ C t^ ” ) .  M oreover ,  i f  we d e f i n e  h in
t h i s  manner i t  w i l l  be  a  t o p o l o g i c a l  Z^ v e c t o r  s p a c e  isom orph ism  on each  
f i b e r  L^. I t  w i l l  h ave  a s  i t s  i n v e r s e  h ^ t h e  m apping  which i s  d e f i n e d  
from  h^ ^ i n  t h e  same m anner .
We m ust now show t h a t  h i s  a  c o n t in u o u s  m app ing . The lemma
( 1 3 .3 )  shows t h a t  we n e e d  t o  d e m o n s t r a te  t h a t  h i s  c o n t in u o u s  a t  th e
p o i n t s  o f  w hich  a r e  l i m i t  p o i n t s  o f  S^(M) -  We show f i r s t  t h a t
h i s  c o n t in u o u s  a t  a  p o i n t  x i n  wLp* L e t  y  = h ( x )  w h ich  e q u a l s  h ^ ( x ) .
Suppose t h a t  H i s  an  open  n e ig h b o rh o o d  o f  y  i n  S ^ ( î1 ) .T he re  i s  a  p a i r
o f  d i s j o i n t  open  and  c l o s e d  n e ig h b o rh o o d s  = { d | d e S ^ (^ )  and
d^ = y^} and { d [ d e  S ^ (^ )  and  d^ = 0 } w i t h  O  H. There  i s
a  n a i r  o f  d i s j o i n t  n e ig h b o rh o o d s  u  and w o f  y  and  o f  0 i n  S t .(M )—n —n 1 —
w i t h  t h e  p r o p e r t i e s  g iv e  i n  ( 1 3 .1 2 )  and ( 1 3 .1 3 )  and  r e f i n i n g  and
T h e re  i s  a  d i s j o i n t  p a i r  o f  n e ig h b o rh o o d s  o f  x and  G^ o f  0 i n  S t ^ ( ’’j
such  t h a t  h-LG J C u  and h .P G T S i W  . We may f i n d  a  n a i r  o f  d i s j o i n t  
1 X* —n iT 0* - n
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n e ig h b o rh o o d s  and  o f  x and ô  ̂ 0 i n  St^ (M) p o s s e s s i n g  t h e  p r o p e r t i e s  
(1 3 .1 2 )  o r  ( 1 3 .1 3 )  and r e f i n i n g  and  C o n s id e r  t h e  n e ig h b o rh o o d
V = { d I d E S. (M) and  d = x } . Suppose t h a t  7. b e lo n g s  t o  v . Then
q 1 q q q
% b e lo n g s  t o  t h e  f i b e r  L o v e r  component C , where C = a ( z ) .  I f  L h a sct _  ■ ct ct a
o n ly  one n o n - z e r o  e le m e n t ,  t h e n  h ( z )  = h ^ ( z ) ,  which b e lo n y s  t o  H. I f
h a s  shape  num ber, s h ,  y r e a t e r  t h a n  o n e ,  t h e n  z = Z._ r ,  t . ^ .  Now t h e
1-1 i  1
v a lu e s  o f  t h e  n th  c o o r d i n a t e s  t .  ^ o f  t . ^  a r e  z e ro  when i  > 1 .  T h e r e f o r ei , n  1
from  ( 1 3 , 1 1 ) ,  z = t  Now h ( z )  = I .  r . h ( t . ^ ) .  B ecause  t  eq l , n  1=1 i l l  1
u , h , ( t , ^ )  e u ; b e c a u s e  t . ^  z  w f o r  i  > 1 ,  h . ( t . ^  z  w . Bv ( 1 3 .1 1 )  
q 1 1  —n 1 q 1 1 —n
( h ( z ) )  = r .  (h  ( t . ” ) )  . F o r  i  > 1 ,  ( h . ( t . ” ) )  = 0 b e c a u s e  t h e s en i l i n  l i n
e le m e n ts  b e lo n y  t o  w . On t h e  o t h e r  hand  ( h . ( t . ” ) )  = v  . T hus,—n 1 1  n n
( h ( z ) )  = V 30 t h a t  h ( z )  b e l o n r s  t o  u , a  s u b s e t  o ^  K. I f  C h asn n — n a
sh ap e  num ber e q u a l  t o  o n e ,  t h e n  h ( t ^  ) b e lo n g s  t o  H i f  b e lo n y s  t o
V b e c a u s e  h  = h on such  a  f i b e r .  Now on L . ,  h i s  c o n t i n u o u s ,  so  t h a tCJ 1 Î J
t h e r e  e x i s t s  an open n e ig h b o rh o o d  D o f  x i n  S^(N) su c h  t h a t  h  M S
H. Then h ^  n v ^ S ' i .  F i n a l l y  we can  c o n c lu d e  t h a t  h. i s  c o n t in u o u s  a t  
a l l  p o i n t s  o f  S^(N) -  {O}.
-1  -1The i n v e r s e  p a i r  (h^ ,  ) i s  a l s o  an  i so m o rp h ism , and  t h e
same r e a s o n i n g  can  be a p p l i e d  t o  i t .  P roduce  from h^ ~ a  m apping by t h e
p r o c e s s  a b o v e .  I t  w i l l  be  e q u a l  t o  h a s  we have r e m a rk e d .  I t  i s
c o n t in u o u s  on (^î) -  {O}, f o r  we may c a r r y  o u t  a  p r o o f  s i m i l a r  t o  t h e
one a b o v e .  Then h -  { ( 0 ,0 ) }  i s  a  homeomorphism. C o n s e q u e n t ly ,  h , i t s
e x t e n s i o n  t o  t h e  one p o i n t  c o m p c t i f i c a t i o n s  o f  3 ^ (” ) -  { ^ } and  -
{0} i s  a  homeomorphism.
1!J-. ” he i n v a r i a n c e  o f  t ' l e  f u n c t i o n s  C t r .  and F t , .
■ -  ■     ■ ■ ■ '   1 . 2—
Theorem l ^ U l . Suppose t h a t  (M ,i )  and  (?1,i^) a r e  S p ie z  s e q u e n c e s  
f o r  com pac ta  C and  C_ r e s p e c t i v e l y .  Suppose t h a t  i n  t h e  r a n g e  c a t e g o r y
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(h i» h o )  i s  an  isom orph ism  from  S^(M) t o  . Then t h e r e  i s  a  homeo­
morphism h m aking t h e  d iag ra m
S Î ; ,  ( M )   b  *• S t f , ( î 4 )
f t
s .  ( M ) ----------------  *  s .  f a )
commute. Let he  = h U  { ( 0 , 0 ) } .  Then ( h e ,h g )  i s  an  iso m o rp h ism  from
S t , (M )  t o  S t , ( M ) .
1 1 —
Let ( g ^ ,g ^ )  be  t h e  i so m o rp h ism  i n v e r s e  t o  ( h ^ j h ^ ) ,  a n d  l e t  h
be  t h e  r e s t r i c t i o n  o f  h .  t o  S t . ( k ) .  The s e t s  j f  = { t . l  0 < i }  Sr L
1 1 a X' — a
L and J t  = {T. ! 0 < i } S  L L have  t h e i r  u s u a l  m ean ing , a ^  1 —  -a —a
The mapping h t a k e s  z e r o  t o  z e r o .  I t  maps ^  i n t o  an d  n o t
n e c e s s a r i l y  i n t o  I t  m ust be a  b i j e c t i o n  from  t h e  l i m i t  p o i n t s  o f
Str^C*!) o n to  t h e  l i m i t  p o i n t s  o f  S t r^  (]£) in  t h e  image h ^ [ s t r ^ ( k Q  .
Each o f  t h e  l i m i t  p o i n t s  x o f  S tr^  (M) in  i s  a  l i m i t  p o i n t  o f  S t r ^ ( k )
-  L^ by ( 1 3 .3 )  and  ( 1 3 . 7 ) .  L e t  y  = h ( x ) .  The t h r e a d  y m ust l i e  i n  L^,
and  i t  must be a  l i m i t  n o i n t  o f  S. (!I) -  L , f o r  L i s  mapned o n to  L1 — -ct a —a
and  S,(M ) -  L o n to  S. (!1) -  L . However, o n ly  t h e  p o i n t s  o f  can  be  1 a  1 — —a —a
l i m i t  p o i n t s  o f  S.., (1[) -  L^, by ( 1 3 . 3 ) .  Thus any p o i n t  o f j f ^ w h i c h  i s  a 
l i m i t  p o i n t  i s  mapped i n t o  3 ^ b y  h .  I t  i s  o n ly  t h e  i s o l a t e d  p o i n t s  o f  
S t r ^ ( H )  which a r e  mapped i n t o  b u t  n o t  n e c e s s a r i l y  i n t o  L’e must 
d e f i n e  th e  mapping h on t h e  i s o l a t e d  p o i n t s  o f  Ltr.^ (H) so  t h a t  i t  i s  
one t o  one and  o n to  , f i b e r  p r e s e r v i n g  and  c o n t i n u o u s .  He o b s e r v e  t h a t  
when h as  sh ap e  nuinber e q u a l  t o  one  t h e n  t h e r e  i s  o n ly  one way t o
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map 3^ t o  so  t h a t  \re  o n ly  have  t o  r e d e f i n e  h on t h e  f i b e r s  o v e r
com ponents w i t h  s h a p e  number g r e a t e r  t h a n  o n e .  I t  i s  d e s i r e a b l e  t h a t  h
p o s s e s s  t h e  p r o p e r t y  h ( t  = Z. h ( t . ° )  p o s s e s s e d  bv h .  I f  we d e f i n eq 1 = 0 ,Fq 1
h t o  be  a  b i j e c t i o n  on e a c h  f i b e r ,  i t  w i l l  h ave  t h i s  p r o p e r t y  b e c a u se
o f  ( 9 . 9 ) .  T h is  i m p l i e s  t h a t  i f  a l l  b u t  one t h r e a d  o f « ( ^ i s  a  l i m i t  p o i n t ,
t h e  mapping h can  be  t a k e n  e q u a l  t o  h o n j ^ .
The s e t  i s  t h e  d i s j o i n t  u n io n  o f  A , t h e  s e t  o f  l i m i t  n o i n t s  
a  ' a
o f  Str^C l!)  i n  , a n d  B^, t h e  s e t  o f  i s o l a t e d  p o i n t s  o f  S t r ^ ( h )  in  
A s i m i l a r  n o t a t i o n  w i l l  b e  u se d  f o r  Str^(M_). The m apping  h t a k e s  A^ 
o n to  A C  ^ , and  B o n to  C S i  L . The s e t  i  c o n t a i n s  one  e le m e n t  moreCt “KX Ct
t h a n  n e c e s s a r y  f o r  a  S c h a u d e r  b a s i s  f o r  L . \le  s h a l l  fo rm  a  b a s i s  Va a
f o r  L in  t h e  c a s e  t h a t  B c o n t a i n s  two o r  more e le m e n ts  by d row ning  a a J -.
a  t .  b e lo n g in g  t o  R . I n  t h e  c a se  t h a t  B i s  f i n i t e  d ro n  t h e  t .  w i th  t h e  1 ■ a  a 1
h i g h e s t  v a lu e  o f  t h e  in d e x  i .  I f  i s  i n f i n i t e  d rop  a  t ^  w i th  i  > 1.
Form f o r  ^  i n  t h e  same way. To be d e f i n i t e ,  d rop  t h e  f i r s t  t ^  w i th
i  > 1 . Then l e t  h ( x )  = h ( x )  f o r  x  i n  A , and l e t  h  be o r d e r  n r e s e r v i n g
ct -
w i th  r e s p e c t  t o  t h e  in d e x  i  l a b e l l i n g  t h e  t h r e a d s  t ,  i n  V A  B and T.1 a  ot 1
i n  V A - ’ * Then h i s  a  b i j e c t i o n  o f  V o n to  V . I f  a n  e le m e n t  t ,  has  —ct '  -ct a  —ct k
been  drowned from  B t o  form  V , l e t  h ( t ,  ) = I .  .  h ( t . ) .ct ot’ k 1 = 0 ,Fk 1
s h a l l  f i r s t  p ro v e  t h a t  h i s  c o n t i n u o u s .  Suppose  t h a t  % in  
i s  a  l i m i t  p o i n t  o f  S t r  (II) an d  l e t  y  = h ( x ) ,w h ic h  e q u a l s  h ( x ) .
L e t  2  ke an  onen  n e ig h b o r h o o d  o f  y .  By ( 1 3 .1 2 )  and  ( 1 3 .1 3 )  t h e r e  i s  an 
onen s u b n e ig h b o rh o o d  u_(") - 2  V i n  R tr^ (V ) su c h  t h a t  f o r  e a ch  comn-
o n e n t  2^ o f  sh a p e  num ber g r e a t e r  t h a n  o n e ,  e i t h e r  L O  _u(y) = o r  
^ ( y )  = { T^ , T ^ ^ . B ecause  h i s  c o n t i n u o u s ,  t h e r e  i s  an  open 
n e ig h b o rh o o d  H o f  x s u c h  t h a t  h p j  ^ i K ”’) .  A g a in ,  by ( 1 3 .1 2 )  and  ( 1 3 .1 3 )
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t h e r e  i s  an  open  c l o s e d  n e ig h b o rh o o d  u ( x ) S  1 o f  x i n  S tr^ (M ) and  u(x)
h a s  t h e  p r o p e r t y  t h a t  f o r  o f  sh a p e  number g r e a t e r  t h a n  one e i t h e r
A  u ( x )  = d o r  A  u ( x )  = { t ^ , t ^ }  . Suppose now t h a t  s  i s  a  t h r e a d
i n  u ( x ) .  'T’hen  x = t f o r  some c o n n o n e n t  C = a t ( x ) .  = { s } ,  t h e n
1 • Y Y
h ( s )  = h ( s ) .  B ecause  s e S, h ( s )  e I f c o n t a i n s  more t h a n  one e l e ­
m en t ,  t h e n  i  i s  e i t h e r  z e ro  o r  o n e ,  and b o th  t^"^ and  t ^ ^  b e lo n g  t o  u ( x ) .
Now h maps u ( x )  i n t o  ;u (y ) ,  and  i t  m u s t ,  a s  a f i b e r  p r e s e r v i n g  mapping , 
t a k e  t „ ^  and  t . ^  t o  some T .^  a n d  T .^  o f j f  . But o n ly  an d  T .^  can
0  1  X 31 —V - 0 1
b e lo n g  t o  u ( y ) .  T h e r e f o r e  h { t ^ ^ ,  t ^ ^ }  = {T^^, T^^}.
L e t  E = { t ^ ^ ,  t^Y} and ^  = {T^^, . T here  a r e  t h r e e  c a s e s  t o
c o n s i d e r :
1 )  b o th  o f  t h e  members o f  E a r e  l i m i t  p o i n t s  o:^ S t r^ ( M ) ,
2 )  n e i t h e r  o f  t h e n  i s ,  and
3) p r e c i s e l y  one o f  t h e n  i s .
B ecause  = E_, and h i s  a  b i j e c t i o n  o f  l i m i t  p o i n t s ,  a  s i m i l a r  s t a t e ­
ment c a n  h e  made f o r  I f  c a se  j  o b t a i n s  f o r  E , i t  a l s o  d oes  f o r
In  t h e  f i r s t  c a s e ,  h j f  h a s  been  d e f i n e d  so t h a t  i t  i s  e q u a l  
t o  ï ï | t . Thus h [ r ]  = E.
I n  t h e  se co n d  c a s e ,  t h e  r e c i p e  :^or h c h a n g es  a c c o r d in g  t o  t h e  
n a t u r e  o f  B^, t h e  s e t  o f  p o i n t s  o f  i s o l a t e d  i n  E t r ^ ( H ) .  I f  c o n t ­
a i n s  t h r e e  o r  more e l e m e n t s ,  t h e n  b o th  t h e  e le m e n ts  o f  E b e lo n g  t o  t h e
b a s i s  V . Then t h e r e  a r e  t h r e e  o r  more e le m e n ts  i n  B , and b o th  t h e
Y -Y
members o f  ^  b e lo n g  t o  V^. B ecause  h was d e f i n e d  t o  be  o r d e r  p r e s e r v ­
in g  w i t h  r e s n e c t  t o  th e  in d ex  i  on V A T ,  hLEj = E. I f  B c o n t a i n s
Y Y — Y
p r e c i s e l y  t h e  two e le m e n ts  o f  E, ^  c o n t a i n s  o n ly  t h e  two e le m e n ts
o f  E_. Then h ( t ^ ^ )  = T^ by t h e  r e c i p e  f o r  h .  The m apping h t a k e s  t^"^ =
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s l l  Y s l l  Y Y
z .  _ t .  t o  z ,  , T. . B ecause  t h i s  s e r i e s  e q u a l s  T. byx = 0 ,F l  1 1 = 0 ,F l  1 1
( 9 . 9 ) ,  Ue h av e  a l r e a d y  a c c o u n te d  f o r  t h e  s i t u a t i o n  i n  which
c o n t a i n s  f e w e r  t h a n  two e l e m e n t s .
In  t h e  t h i r d  c a s e ,  when e x a c t l y  one e le m e n t  o f  E i s  a  l i m i t  
p o i n t ,  i t s  image i s  a l s o .  Then by t h e  r e c i p e  f o r  h ,  t h e  i s o l a t e d  p o i n t  
i n  E i s  c a r r i e d  t o  t h e  i s o l a t e d  p o i n t  in  E_ b e c a u s e  h  i s  d e f i n e d  t o  be 
o r d e r  p r e s e r v i n g  w i th  r e s p e c t  t o  i  on B^.
We have  i n  a l l  t h r e e  c a s e s  shovm t h a t  h t--^  n  u ( x )3  S  Ĉ . T h i s ,  
t o g e t h e r  w i th  t h e  r e m a rk s  a b o u t  com ponents  o f  a n n u l a r  sh a p e  a l lo w s  us 
t o  c o n c lu d e  t h a t  h i s  c o n t in u o u s  a t  x .  We h a v e  shown t h a t  h  i s  c o n t i n ­
uous a t  e a ch  l i m i t  p o i n t  o f  i t s  dom ain . I t  i s  c l e a r l y  c o n t in u o u s  e v e r y - ' 
w h e re .
The d e f i n i t i o n  f o r  h  i s  p e r f e c t l y  sy m m etr ic  w i th  r e s p e c t  t o  t h e  
s y s te m s  U and  T h e r e f o r e  t h e  same p r o o f  c a n  be  u se d  t o  show t h a t  h 
i s  c o n t i n u o u s ,  f o r  i f  one  a p p l i e s  t h e  same t r e a t m e n t  t o  F  ^ one w i l l  
o b t a i n  h  Thus h  i s  a  homeomorphism o f  S tr^ (M ) o n to  S t r^ (M ) .  But any 
homeomorphism o f  l o c a l l y  com pact H a u s d o r f f  s p a c e s  can  be e x te n d e d  t o  one 
homeomorphism o f  t h e i r  one  p o i n t  c o m p a c t i f i c a t i o n s ,  and  h 'J { ( 9 ,0 ) }  
i s  su c h  an  e x t e n s i o n .  T h e r e f o r e  i t  i s  a  homeomorphism o f  S t^ (H )  o n to  
St^(M_), and  i t  p r e s e r v e s  d i s t i n g u i s h e d  p o i n t s .
C o r o l l a r y  I f  one o f  t h e  i n v a r i a n t s  S^ , S t ^ ,  o r  S t r^  y i e l d s
iso m o rp h ic  v a l u e s  f o r  H and  M, t h e n  a l l  o f  them  do .
C o ro l la r^ r  14-. 3 . Bi.npose t h a t  f  i s  an  e q u iv a l e n c e  ^rom one S p ie^  
se q u en c e  ( ” , i )  t o  a n o t h e r ,  (W_,i_)* Then t h e r e  i s  a  homeomornhism. h 
m aking t h e  d iag ram
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S t ; .  CM ) 
e t
I '
S a  (M )
S. (4)
5 ^ .  C M )
1 “
- »  S . ( H J
c o n n u te .  The n a p p in g  h U  £ ( 0 , 0 ) }  p r e s e r v e s  d i s t i n g u i s h e d  p o i n t s  and 
makes t h e  d iag ram
ft
f
S . ( M )  -
he St.Crt)
ft
- »  5 «  f t i j
c o n n u te .
We may t h e r e f o r e  d e f i n e  f u n c t i o n s  St^^^ and  S t r y ^  whose domains 
w i l l  b e  t h e  s e t  o f  p la n e  com pacta  by s e l e c t i n g  a  S p ie z  se q u e n c e  M f o r  
e a ch  compactum and  c a l c u l a t i n g  t h e  v a l u e s  o f  St^(M ) an d  S t r ^ C " ) .  Use 
o f  a  d i f f e r e n t  S p ie z  se q u en c e  f o r  a  compactum w i l l  l e a d  t o  an i so m o rp h ic  
v a l u e .  The s u p e r s c r i p t  w i l l  be o m i t t e d  where p o s s i b l e .
We may d e f i n e  s i m i l a r  f u n c t i o n s  on t h e  shape  c l a s s e s  o f  p l a n e  
com pacta  by s e l e c t i n g  a  compactum i n  t h e  p l a n e  from each  shape  c l a s s  
and u s in g  t h e  p r o c e d u r e  d e s c r i b e d  a b o v e .
15 . A u n iq u e n e s s  th eo re m  :^or t h e  f u n c t i o n s .
Theorem. 1 5 . 1 . Sunnose t h a t  (W ,i )  and  a r e  S n ie z  s e q u e n c e s
f o r  com nacta  C and  C_and t h a t  ( h , g )  i s  an  isom ornh ism  from  St^(W) t o  
S t^ C ^ ) « Then t h e r e  i s  a  manning Cf, é )  from  sy s te m  t o  ^  w hich  in d u c e s  
( h , g )  and i s  an e q u iv a l e n c e .
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I n  t h e  p r o o f  w hich  f o l lo w s  we s h a l l  make i d e n t i f i c a t i o n s  which 
a r e  n e c e s s a r y  t o  a v o id  t h e  c o m p l ic a t e d  p r e s e n t a t i o n  which o t h e r w i s e  
w ould  r e s u l t .
The f i r s t  s t e p  i n  t h e  p r o o f  i s  t o  d e f i n e  f o r  e a c h  S p ie s  
se q u en c e  ( M , i )  an  e q u i v a l e n t  se q u en c e  (G,w) s i m i l a r  t o  t h o s e  d e s c r i b e d  
i n  ( 7 . 1 ) .  F o r  t h i s  p u rp o s e  we u se  t h e  se q u e n c e  o f  s e t s  o f  t r i p l e s  d e s ­
c r i b e d  i n  s e c t i o n  S. F o r  e a c h  n > 1 d e f i n e  a  s e t  o f  com nonents  S . f o r
-  '  n , ]
l ^ j £ c ( n ) a s  f o l l o w s .
1 5 . 2 . 1 )  I f  M . i s  a  d i s k ,  l e t  G . be  t h e  t r i v i a l  g r o u p ,  i n d -
e x e d ,  t h a t  i s ,  G . = { j } X ( l ) .  
n * ]
1 5 . 2 . 2 )  I f  M . i s  a  d i s k  w i th  g ( n , j )  h o l e s ,  e a ch  b ounded  by
a  c i r c l e  (b  . ) .  f o r  1 1. i  ^  g ( n , i ) ,  t h e n  l e t  G , be  t h e  in d e x e d  wedge
^ J1 — n ) 1
{ j}  X V._ { i}  X T_ o f  g ( n , j )  g ro u p s  { i}  X T . The to p o lo g y  on
t h e  wedge i s  t h e  q u o t i e n t  to p o lo g y  a f t e r  t h e  u n i t i e s  o f  t h e  g ro u p s  have
b e e n  i d e n t i f i e d .  We l e t  ( j , i , y )  d e n o te  any n o n - u n i t y  e le m e n t  o f  t h e  wedge
and  ( ] , - , ! )  o r  more s im p ly  1 . d e n o te  t h e  common u n i t y .
]
1 5 . 2 . 3 )  L e t  G = U  G . .
n 3=1 n ,3
p
Suppose t h a t  ^  i s  a  wedge {k} X V ._^  {i}XT^ o f  P c o p ie s
o f  Tq and  ̂ i s  a  wedge { j}  X ( i lX T ^  o f  Q c o p i e s .  We d e f i n e
t h r e e  k in d s  o f  m annings d . .  L e t  T s t a n d  f o r  { k} X { i} X T .
■■ - , i  0
1 5 . 2 . il) D e f in e  d„ . : T -> W , so  t h a t  f o r  each  x  i n  T.0 ,1  n ,3  0
dq . ( ( k , i , x ) )  = ( j , - , l ) .
1 5 . 2 . 5 )  D e f in e  d . f o r  1 < m < n so  t h a tn , i  — —
d . ( C k , i , x ) )  = ( j , m , x ) .
TÜ )
1 5 . 2 . 5 )  D e f in e  d^ ^ so  t h a t  f o r  a l l  e^^  i n  T^» w here  0 ^ 6  < 2ir,
d ^ , i ( ( h , i , e “ ^ ) )  = ( 1 , 1  + t f i / 2 T r * n l ,  e ^ ^ ^ ) - .
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t h e  b r a c k e t s  a r e  u s e d  t o  d e n o te  t h e  g r e a t e s t  i n t e g e r  f u n c t i o n .
D e f i n i t i o n  1 5 . 2 . 7 ,  A m anning f  : W , W . i s  s a i d  t o  be o f  
  p , k  q , ]
ty p e  Z- i f  f  = V3 • <■! • > w here  e can  t a k e  t h e  v a l u e s  0 ,  + , o r  n ,j r  2 ^  1=1 e , i
w i th  1 n  ^  n .
F o r  each  n we d e f i n e  m annings w . , : G G . whenn + l , k  n + l , k  n , ]
M C  H . a s  f o l l o w s .n + l , k  — n , ]
1 5 . 2 . 8 )  I f  t h e  m a t r i x  T o f  t h e  t r i p l e  d e s c r i b e d  i n  s e c t i o n  9 
i s  t h e  empty m a t r i x ,  l e t  ^ - o , i '  = n t l , k  '=  *
p o i n t ,  t h e n  ' V l . k < b t l . k ’ '  ' n . : '
1 5 . 2 . 9 )  I f  t h e  m a t r i x  i s  t h e  i d e n t i t y  m a t r i x  l e t  w^^^ ^  = 
g ( n t l , k )
1 5 .2 .1 0 )  I f  t h e  m a t r i x  T i s  t h e  i d e n t i t y  m a t r i x  augm ented  by 
a  row o f  z e r o s ,  l e t  " n + i . k  =
1 5 .2 .1 1 )  I f  t h e  m a t r i x  T i s  a  row o f  o n e s ,  l e t  w . ^  = d . .
XI t” 1 j K t  j .1
D e f in e  vr = U ,  ^ ( n + l )  L e t  be t h e  c o m p o s i te
n+1 k = l  n + l , k  p , q
w . . .  w ; G ->■ G . 
p+1 q q P
L e t  C" = i n v  l im  (G ,w ) .  Each component C" o f  C- i s  n a t u r a l l y
t h e  i n v  lim. (G^gw""').
Lemma 1 5 . 3 . T he re  i s  a  m apping o f  sy s te m s  ( F , l )  from  ( M ,i )
t o  (G,w) w hich  i s  an e q u i v a l e n c e .  T h is  e q u iv a l e n c e  can  be c h o se n  so
t h a t  K (F ) ( ( b  . ) . )  = { ]}  A {i>  % T , w here  t h e  s e t  on t h e  r i g h t  i s
J. n  n  ) 1 ZL V
i d e n t i f i e d  w i th  a  homology g e n e r a t o r .
T h is  f o l l o w s  d i r e c t l y  from  t h e  d e s c r i p t i o n  o f  a  E p ic s  s e q u en c e .  
Choose su c h  a  m apping  ( F , l ) .  Denote t h e  image o f  E t ^ ( ” ) under  
S ^ (F )  i n  S^(G) by S t ' ( G ) .  L e t  p t  be  p r e s t r i c t e d  t o  5 t ’ (G ) .  Denote 
t h e  t r i p l e  p t  : E t ' ( G )  ■> Sg(G) by  S t^ ( G ) .  The e le m e n ts  o f  t h e  sp a c e
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S t ’ (G) a r e  t h r e a d s  s i n p l y  r e l a t e d  t o  t h e  t h r e a d s  o f  S t^ (M ) .  D enote
t h e  g e n e r a t o r s  o f  ^ ) c o r r e s p o n d in g  t o  t h e  lo o p s  { j}  X {1} X
by (b  Then t h e  t h r e a d  S , ( F ) ( t . ^ )  w i l l  h av e  th e  sa n e  c o o r d i n a t e s
n , ]  1 1 1
i n  b o t h  s p a c e s ,  './e s h a l l  d e n o te  t h i s  in a g e  t h r e a d  a l s o  by t ^  an d  
s h a l l  c a r r y  o v e r  nuch  o f  t h e  n o t a t i o n  u se d  w i th  St^(M) t o  S t ' ( G ) .
I t  m ust b e  a d d e d ,  p a r e n t h e t i c a l l y ,  t h a t  t h e  p rob lem  o f  d e f i n i n g  t h e  
s u b s p a c e  S t ^ ( ’I) w i th o u t  em bedding t h e  c o n p a c tu n  i n  a  e u c l i d e a n  s p a c e  
i s  s t i l l  u n d e r  c o n s i d e r a t i o n .  L e t  3 = G ^ (F ) ]S t^ (X ) .
Now choose  a  se co n d  n a p p in g  o f  sy s te m s  (F_,l) :
Make t h e  c o r r e s p o n d in g  i d e n t i f i c a t i o n s  and d e f i n i t i o n s .
Lenna 1 5 .b .  T here  e x i s t s  an  isom orph ism  ( h ,g )  m aking t h e  d i a ­
gram
St,(M)  » S-t.Cfr)
( K . j )
ç a  S t ,
commute.
We s h a l l  d e f i n e  an  e q u i v a l e n c e  o f  sy s te m s  ( f , ^ )  : (C,w) ->
(G_,w) w hich  in d u c e s  ( h , g ) .  Theorem ( 1 5 .1 )  w i l l  t h e n  im m e d ia te ly  f o l l o w .
To i n i t i a t e  t h e  s e c o n d  s t e p  o f  t h e  p r o o f  e x p r e s s  S^(G) a s  
an  i n v e r s e  l i m i t  o f  f i n i t e  s u b s e t s  o f  H^(G^) w i th  d i s c r e t e  to p o lo g j r
r a t h e r  t h a n  a  s u b sp a c e  o f  t h e  i n v e r s e  l i m i t  o f  t h e s e  g r o u p s .  L e t  E n
-1
{m . 1 < i  < c ( n )  } . I,e t  A = { n r o i  " {m . )  ■ 1 < i  < c ( n ) }  ,n , j  I — — n ■ n n , i  ' — —
w here p r o ]  i s  t h e  n t h  p r o j e c t i o n  o f  S (G) i n t o  II (G ) .  The s e t  "  i s  n v* n n
a f i n i t e  open n a r t i t i o n  o f  n r o i  \ S - ( G ) l .  The s e t  A i s  a  f i n i t e  onen“n*- 0 J  n
59
p a r t i t i o n  o f  S ^ ( n ) .  Tlie s e t  A = U  i s  a  b a s e  f o r  t h e  to p o lo g y  on
Sq(G ) ,  S i m i l a r  s t a t e m e n t s  can he made f o r  f5, d e f i n i n g  t h e  c o r r e s p o n d ­
in g  s e t s  E , A , and  A.
— —
We now d e f i n e  by i n d u c t i o n  an  i n c r e a s i n g  f u n c t i o n  i*) from t h e  p o s ­
i t i v e  i n t e g e r s  t o  t h e m s e lv e s  and  a  se q u en c e  o f  f u n c t i o n s  r ^ .  For each
p o s i t i v e  n t h e  f u n c t i o n  r  w i l l  map t h e  s e t  C , ,  . i n t o  E i n  such  a
n i i (n )  - n
way t h a t  ( r ,  ’̂ ) c o n s t i t u t e s  a  mapping from  t h e  se q u e n c e  (E , H^'w) t o  
( ^ ,  Hj^.w). .  (H ere  t h e  component maps o f  t h e  m apping o f  sy s te m s  a r e  c o n t ­
in u o u s  maps m aking t h e  a p p r o p r i a t e  s q u a r e s  com m ute .)  B ecause and
G a r e  p o i n t s , l e t  ’K l )  = 1 and r(m  ) = m . .  Suppose t h a t  we have —1 1)1 *“1 ) 1
d e f i n e d  'V on [ l , n )  and  a l s o  f o r  each  k w i th  1 ^  k < n ,  t h e  mapping r ^
such  t h a t  H (w. ) . r ,  = r ,  . . H (W . . , , , . ) .  Suppose t h a t  m i s  a0 ^  k k -1  0 ^ d k - l ) , P ( k )
t h r e a d  o f  S _ (G ) .  Then t h e r e  i s  a  u n iq u e  s e t  d i n  A such  t h a t  g(m) 6
u  —  —n
B ecause  g i s  c o n t i n u o u s ,  t h e r e  i s  a  s e t  d i n  A su c h  t h a t  gCdJ £.
There  i s  t h u s  a  c o v e r  B o f  Sg(G) by t h e s e  s e t s  d .  B ecause  S^CG) i s  
c o m p a c t ,  B h a s  a  f i n i t e  su b c o v e r  C. Choose t h e  l a r g e s t  in d e x  q f o r  
w hich  A c o n t a i n s  a  member o f  C. L e t  ')(n) be q t ^ ( n - l ) .  Then A , » i s
q üun)
a  f i n i t e  open  p a r t i t i o n  r e f i n i n g  B. The m apping  g i s  s u r j e c t i v e
s o  t h a t  t h e  s e t  o f  ^  o r i g i n a l l y  s e l e c t e d  i s  a l l  o f  Thus t h e  s e t  o f
im ages o f  t h e  members o f  A , ,  . r e f i n e s  A . To e ach  e le m e n t  m . . . . o f’H n )  - n  t ( n ) , i
E ,^ n )  c o r r e s p o n d s  a  u n iq u e  d o f  g ^ d l  l i e s  i n  a  u n iq u e  e le m e n t  (i
o f  A ; and  t o  t h i s  c o r r e s p o n d s  a  s i n g l e  e le m e n t  m . o f  E . L e t  '- n ’ - - n , ]  - n
r  (m, mn 'H n ) , . i  - n , ]
How A . . r e f i n e s  A . . , and  A r e f i n e s  A . .  The e n u a l i t v\';(n) ’H n - l )  ’ - n  - n - 1
• ’"n = V l  • " o (" 6 (n - l ) ,A (n ) )  deduced from t h i s .
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The p a i r  ( r , ^ )  w i l l  in d u c e  g ,  f o r  i t  h a s  been  d e f i n e d  so  t h a t
f o r  each  n  i n  S ^ (G ) ,  we have  p r o ]  ( g ( n ) )  = r _ ( m , / _ \ ) .J ' ' n  n  n  J
The t h i r d  s t e p  i n  t h e  p r o o f  i s  t o  e x p r e s s  S t ' ( G )  a s  an i n v e r s e
l i n i t  o f  f i n i t e  s e t s  w i th  d i s c r e t e  t o p o lo g y .  For t h i s  p u rp o s e  d e f i n e
t h e  s e t s  C . f o r  e ach  G . o f  n o n - t r i v i a l  shane  i n  t h e  f o l l o w in g  'way. 
n , ]  n , ]
1 5 . 5 . 1 )  I f  G . i s  a  copy o f  T , l e t  C . be {(b  . )  }.n , j  J n , ]  n , ]  i
1 5 . 5 . 2 )  O th e rw is e ,  l e t  C . = {(b . ) .  I 0 < i  < g ( n , j ) }.n , ]  n , ]  1 ‘ -  —
L et  C = { 0 } U  U  • C t h e  u n io n  o v e r  a l l  n o n - t r i v i a l  conpon-
n ]=1 a , ] ’
e n t s  o f  G . L e t  C = VJ . G . L e t  D = {p ro ]  ^{d} 1 d e C } and D = n ' ' n = l  n n ^ ^n ‘ n
L l  h , w here  n r o j  i s  t h e  n t h  p r o j e c t i o n  o f  S t ' ( G )  i n t o  H (G ) .  ^ ^ n-1 n n i n
The s e t  c o n s t i t u t e s  a  f i n i t e  open p a r t i t i o n  o f  p r o j J [ s t ' ( C ) ]
i n  H (G ) .  The s e t  D i s  a  f i n i t e  open p a r t i t i o n  o f  S t ' ( G ) .  The s e t  D I n  n
i s  a  b a s e  f o r  t h e  to p o lo g y  on S t ' ( G ) .  One c a n  show t h a t  S t ’ (G) i s  t h e
i n v e r s e  l i n i t  o f  t h e  se q u en c e  (C , IL(vr  ̂ 10 . ))™ . . S i m i l a r  s t a t e -n ’ 1 n+1 ' n+1 n = l
m ents can  be made f o r  t h e  sy s te m  G, g i v i n g  r i s e  t o  C C , D , and—’ ‘ - n , ]  - n  - n
D_.
We now d e f i n e  by i n d u c t i o n  an  i n c r e a s i n g  mapping from t h e
p o s i t i v e  i n t e g e r s  t o  t h e m s e lv e s ,  a  s e q u en c e  f  o f  c o n t in u o u s  mappings
f  from G . t o  G , and a  se q u en c e  n o f  m appings p from  C , ,  . t o  n  oCn) - n  n o ( n )
C^. Beg in  t h e  i n d u c t i o n  by l e t t i n g  «5(1) = 1 , f ( l )  = 1 ,  and  p^ a  map
from  t o  such  t h a t  p ^ ( 0 )  = 0 .  Suppose t h a t  we have d e f i n e d  «5 on
( 0 , n ) ;  and  f o r  each  k w i th  1 < k < n h av e  d e f i n e d  p, from  C , , ,  . t o  C,— k p ( k )  - k
so  t h a t  '  T ’
> - l  * '‘«5(’' - ' ' )  0 ( f )  111- • and  P^ i s  t h e  r e s t r i c t i o n  o f  11̂  ( f ,^ ) .
The s e t  i s  a  f i n i t e  open p a r t i t i o n  o f  S t ' ( G ) ,  so  t h a t  f o r
each  t h r e a d  x o f  S t ’ (G) t h e  t h r e a d  h ( x )  b e lo n g s  t o  a  u n iq u e  s e t  d
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b e lo n g in g  t o  D^« T he re  i s  a  n e ig h b o rh o o d  d o f  x  b e lo n g in g  t o  D and
w hich  i s  n a p p e d  by  h i n t o  The s e t  B o f  such  n e ig h b o rh o o d s  d c o v e r s
S t* (G ) .  B ecause  S t ' ( G )  i s  com pact t h e r e  i s  a  f i n i t e  s u b c o v e r .  Choose
an  i n t e g e r  2$(n) l a r g e r  t h a n  «{(n -1 ) ,  ’K n ) ,  and  a l l  t h e  i n d i c e s  j  o f  t h e
s e t s  D, t o  w h ich  t h e  members o f  t h e  su b c o v e r  b e lo n g .  Then D, ,  , r e f i n e s  ] o ( n )
B. F o r  e a c h  e le m e n t  e o f  t h e r e  i s  a  un ique  d i n  c o r r e s p o n d ­
in g  t o  i t ,  a  u n iq u e  cl i n  i n  w hich  h [ d j  l i e s ,  and  a  u n iq u e  e le m e n t
i n  C c o r r e s p o n d in g  t o  d .  L e t  p ( e )  be t h i s  member o f  C .—n * — n —n
Lemma 1 5 .G. L e t  ci = r  . H^(W, , . , ) .  Then (a,«{) i s  a map-------------------  n n O t> ( n ) ,« 5 ( n )
i n g  from  (H,Hq . w) t o  ( ^ ,  . w ) ,  and  in v  l im  ( c , d )  = g .
T h is  f o l l o w s  from  t h e  c h o ic e  o f  «{(n) > ’H n ) .
The m apping p^ h a s  t h e  f o l l o w i n g  p r o p e r t i e s .  F i r s t  o f  a l l ,  we
s e e  t h a t  H.(w ) . p = p . , H . ( U , .  . .  . )  on C , ,  . .  One c a n  deduce1 - n   ̂n n -1  1 «{(n-1) ,«{(n) d ( n )
t h i s  r e s u l t  from  t h e  f a c t  t h a t  B , ,  . r e f i n e s  T), .  , \ and  D r e f i n e sp(n) o(n-l) —n
S e c o n d ,  p^ h a s  b e e n  d e f i n e d  i n  such  a  way t h a t  t h e  d iag ram
( 1 5 . 7 . 1 ) St'CO
/"■ ‘ J
C  ^(,1
commutes. T h i r d ,  n n a n s  z e r o  t o  z e r o .  F o u r th ,  one c a n  show t h a t  p i s  n  n
f i b e r  p r e s e r v i n g  o v e r  a  i n  t h e  e x te n d e d  s e n s e .  C o n s id e r  t h e  d iag ram
( 1 5 . 7 . 2 ) ,  where u i s  t h e  r e l a t i o n  v O  {0} ”  A , and  y i s  d e f i n e d  i n  
s e c t i o n  •+.
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( 1 5 . 7 . 2 )
E n  < -
S f c y
j ' *
S o CG-)
The d ia s ra in  ( 1 5 . 7 . 3 ) ,  w here  u , ,  > i s  a  s i n i l a r  e x t e n s i o n  o f  v , ,  . ,o l n ;  p ( n ) '
commutes i n  t h e  e x te n d e d  s e n s e .
( 1 5 . 7 . 3 )
1 JUL
Ê  ^(m )
The d iag ra m
( 1 5 . 7 . 4 ) St'CW
1
S.CC-1
commutes i n  t h e  e x te n d e d  s e n s e .  The d iag ram
( 1 5 . 7 . 5 )





s . C c )
I -
-=2T ^ o C C -  )
I
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c o n n û te s  by  l e n n a  ( 1 5 . 6 ) .  We s h a l l  p ro v e  t h a t  t h e  d iag ra m  




c o n n û te s  f o r  any  n o n - z e r o  e le m e n t  c  o f  C , .  T h is  c la im  i m p l ie s  t h a tB in ;
a l l  t h e  n o n - z e r o  e le m e n ts  o f  C , ,  . . f o r  c o n o o n e n t  (1,. . . a r e  manned
d ( n ) , ]  '  d ( n ) , i
t o  t h e  s e t  C , f o r  a  s i n g l e  com nonent G , o f  G .
—n , K  - - n , k  n
We p r o v e  t h e  c la im  by o b s e r v i n g  t h a t  t h e  d iag ra m  ( 1 5 . 7 . 6 )  i s  
t h e  f r o n t  f a c e  o f  t h e  cube ( 1 5 . 7 . 7 )  whose o t h e r  f a c e s  a r e  g iv e n  i n  
dia,grams ( 1 5 . 7 . 1 - 5 ) .  The p r o o f  i n v o lv e s  c h a s in g  d ia g r a m s .
( 1 5 . 7 . 7 )
» St'Ct)St Cfr) -
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Suopose t h a t  c  b e lo n g s  t o  C , ,  \ and i s  n o t  z e r o .  Then t h e r e  i so i n j
a n  e le m e n t  y o f  S t ' ( G )  su c h  t h a t  p r o j^ ^ ^ ^ ( y )  = c .  From t h e  to p  f a c e  we
ded u ce  t h a t  n ( c )  = v> ( n r o j  . ( v ) )  = n r o j  (h ( - 'O ) .  I f  P ( c )  i s  z e ro  n n  o l n j  " ------n n
t h e  r e s u l t  f o l l o w s .  Sunpose i t  i s  n o t  z e r o .  Then u  (n  ( c ) )  = u ( n r o j  ( h ( y ) ) ) ,—n ■ n —n   n
Now h i s  a  z e ro  p r e s e r v i n g  homeomorphism and ]’■ i s  n o t  z e r o ,  so  t h a t
h ( y )  ^ 0 .  We may th e n  u se  t h e  r i ^ h t  s i d e  f a c e  t o  d e r i v e  t h e  e q u a l i t y
u  ( n r o j  ( h ( y ) ) )  = n r o j  ( p t ( h ( y ) ) )  i n  th e  s t r i c t  s e n s e .  Employing th e  —n  n -------n
b a c k  f a c e  we deduce t h a t  p t ( h ( y ) )  = g ( p t ( y ) )  i n  t h e  s t r i c t  s e n s e .  From
t h i s  one can s e e  t h a t  u  (p  ( c ) )  = p r o j  ( g ( p t ( y ) ) ) .  U s ing  th e  bo ttom"fi n ■ n
f a c e ,  one can  v e r i f y  t h a t  t h i s  e q u a l s  c x ^ ( p r o j ^ ^ ^ ^ ( p t ( y ) ) ) .  The l e f t
s i d e  f a c e  can be u sed  t o  c o n v e r t  t h i s  t o  c; ( u , ,  . ( p r o j , ,  s ( y ) ) ) .  T .iis
n o ( n ;  p ( n j
f i n a l l y  a l lo w s  us t o  c o n c lu d e  t h a t  u ( p ro j  ( h ( ' ' 0 ) )  = ct ( u , .  . ( c ) ) ) .—n ----- ' n n  o (n  ;
F i f t h ,  i f  G , ,  . . i s  n o t  a  c i r c l e ,  t h e  m apping  p i s  a d d i t i v e  0 ( n ) , ]  - n
i n  t h e  se n se  t h a t  P ( Z. ( b , ,  . . ) . ) = "  p ( ( b , ,  . . ) .  ) .T lien 1=1 A ( n ) , ]  1 - n «5(n),]  i
m apping  h i s  a  b i j e c t i o n  on  e a c h  f i b e r ,  so t h a t  b%̂ ( 9 . 9 )  h m ust be
a d d i t i v e  on each  f i b e r .  But we h a v e  shown t h a t  n . n r o j . ,  . = n r o j  . h ." n - • 'o (n )    -'n
The p r o j e c t i o n  p r o j ^  i s  a d d i t i v e  on each  f i b e r  and  s u r j e c t i v e ,  so
t h a t  we can c o n c lu d e  t h a t  n m ust be a d d i t i v e .  F o r ,  c o n s i d e r  t h a t
■ n
X. % ( d ( n ) , j ) ^ ^  . ) .  = p r o j , ,  . t  so  t h a t  w i t h  'I =(6(n)1=1 ®(n),3 1 ® (n )  0
Pn(P ’̂ ° 3 j i ( tg ) )=  p r o j ^ ( h ( t Q ) )  = h ( t ^ ) )  =
= I  p r o j ^ ( h ( t ^ ) )  =E p ^ ^ p r o j ^ ( t ^ ) )
n , :
To G,, . c o r re s p o n d s  a  t h r e a d  m,, . o f  S (G ),  and  t o  m , = a  (n  . )
4,] •*>] w — n,K  n .<,]
c o r r e s p o n d s  a  component G , .
n , n
1 5 .3 .1 )  Suppose t h a t  G . i s  a p o i n t  1„ . .  Then l e t  f  . ( 1 , ,  . )  
, Ti,]
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1 5 . 8 . 2 )  Suppose t h a t  . i s  a  wed^e o f  g ( N , j )  c o p ie s  o f  T .
»D 0
Then t h e  s e t  { (b,^  ̂ | 1 _< i  _< g ( N , j ) }  . For e a ch  su c h  i
a )  i f  P „ ( (b ,,_ P p  = 0 , l e t
b) i f  i t  equals l e t
c )  i f  i t  e q u a ls  Z . (b  , ) ,  l e t  f  . . = dm=l n , k  m’ n , ] , i  + , i
F i n a l l y ,  l e t  f  . = U  f  . . .n ,3 ^ 1=1 n , i , i
Lenna 1 5 .9 .  C o n s id e r  t h e  d i a g r a n
( 1 5 . 9 . 1 )
where e a c h  o f  t h e  '-L i s  a  p o i n t  o r  a  wedge o f  a  f i n i t e  nun lie r  o f  c o p i e s  
o f  Tq and  e a c h  f ^  and  i s  a n a p p in g  o f  t y p e  Z^. L e t F be  t h e  c o n p o s -  
i t i o n  o f  t h e  n a p s  i n  t h e  upper  row and  C , o f  th e  l o w e r .  I f  H^(F) = 
H^(G), t h e n  F i s  h o n o to p ic  t o  G.
The l e n n a  can  be p ro v ed  by  show ing  F and G in d u c e  h o n o n o r p h is n s  
F" an d  G' w hich  b e lo n g  t o  t h e  s a n e  c o n ju g a c y  c l a s s .  Then by th e o re m  
8 .1 1  o f  [ 35] ,  t h e y  a r e  h o n o t o p ic ,  f o r  t h e  domain i s  a  p a th  c o n n e c te d  
CW com plex  and  t h e  r a n g e  i s  a  s p a c e  o f  t y p e  (IT,!). Fe can s e e  t h a t
j; Ji
F'" and  G a r e  a c t u a l l y  e q u a l  h e r e ,  by o b s e r v i n g  t h a t  f o r  m appings o f  
ty p e  7^ t h e  e f f e c t  o f  t h e  f ^  on g e n e r a t o r s  o f  s i n g u l a r  i n t e g r a l  homology 
can  b e  i d e n t i f i e d  w i th  i t s  e f f e c t  on g e n e r a t o r s  o f  fu n d a m e n ta l  g r o u p s .  
There  i s  b u t  one d i f f e r e n c e ,  th e  p r o d u c t  o f  f r e e  g e n e r a t o r s  o f  t h e  
fu n d a m e n ta l  g roup  i n  t h e  a p p r o p r i a t e  o r d e r  r e p l a c i n g  t h e  su n  o f  b a s i s  
e l e m e n t s .
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Lenna 1 5 .1 0 . Suppose t h a t  i n  ( 1 5 . 9 . 1 )  each  Th i s  a  f i n i t e
d i s j o i n t  u n io n  o f  wedges o f  c o p ie s  o f  o r  p o i n t s ,  and t h a t  on e ach
com ponent e a c h  f ^  and  g^ i s  o f  t y p e  Z^. I f  H^CF) = H^CG) a n d  H ^(F) =
H^(G) t h e n  F i s  h o n o to p ic  t o  G.
The e q u a l i t y  o f  t h e  v a l u e s  o f  a l l o w s  us t o  f i n d  f o r  e a ch
component o f  W a  d iag ra m  ( 1 5 . 9 . 1 )  m e e t in g  t h e  c o n d i t i o n s  o f  ( 1 5 . 9 )K
One t h e n  a p p l i e s  ( 1 5 .9 )  and  shows t h a t  F and  G a r e  h o n o to p ic  on
a l l  co m p o n en ts .
Lemma 1 5 .1 1 .  F o r  e a ch  n ,  H_( f  ) = a  on E % and H. ( f  ) =   ’ O n  n p ( n )  1 n
Pn = i ( n ) -
T h i s  f o l l o w s  from  t h e  d e f i n i t i o n  o f  ( f , d )  w hich  h a s  b e e n
f o r m u la t e d  s o  a s  t o  p ro d u c e  t h i s  r e s u l t .
Lemma 1 5 .1 2 . The s e q u e n c e  (f,{5) i s  a  m apping o f  s y s t e m s .
To Drove t h i s  r e s u l t  we show t h a t  w . f  h t n  f  . . W, ,  . , ,—n n   n-1 o ( n - l ) , o ( n )
B ecause  H .(w  ) . o< = o( .  . H .(U ) on t h e  g e n e r a t o r s  o f  H_( G^> . ) ,  u -Tfi n n-1 J  u v n n ;
we can  d e r i v e  t h e  c h a in  o f  e q u a l i t i e s  I L( w . f  ) = H_( w ) . H. ( f  ) =0 —n n  0 —n O n
H ( f  ) . H ( W) .  S i m i l a r l y ,  b e c a u s e  n i s  f i b e r  p r e s e r v i n g  o v e r  ct , u n-1 0 n n
we can  from  t h e  e q u a l i t y  (w ) . n = n . . H, (V7) on t h e  g e n e r a t o r s  
 ̂ 1 - n  " n n-1 1 ^
o f  H. ( G, ,  . )  d educe  t h a t  H (w . f  ) = H, ( f  . . H) .  T h e r e f o r e  bv 1 i i n )  1 - n  n  1 n-1
( 1 5 .1 0 )  t h e  tiro  maps a r e  h o n o t o p ic .
Lemma 1 5 .1 3 . The n a p p in g  o f  s^nstems (f,«5) in d u c e s  ( h , g ) .
T h i s  f o l l o w s  from  two f a c t s .  F i r s t  ( f , d )  i n d u c e s  (ct,?5), t h e  
i n v e r s e  l i n i t  o f  w hich i s  g . Second ( f , ^ )  in d u c e s  ( ^ , ^ )  t h e  i n v e r s e
Theorem 1 5 . m . The m apping ( f , d )  i s  a n  e q u i v a l e n c e .
The m orphism  (h  g ^)  i s  an  iso m o rp h ism . Use t h e  p r o c e d u r e
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described above to derive a mapping of systems (f_,̂ ) : -> (^,vO.
In the process one defines and which are induced through
the application of and to the sequence
Now inv lim (a,0) = g, and inv lim = g_. Because the
inverse limit is functorial, inv lim((a,d) . (o_,̂ )) = inv lim (a,«5) .
inv lin = 2 5 ^  = lISĵ (£). Similarly, inv lim ((^,^) . (a,«5)) =
inv lim . inv lim(a,?5) = l|Sg(S).
Let S = H„(U ,,, .). From the nreceding discussions one may — 0 —n , ^ p ( n )
conclude that the diagram 
( 1 5 .1 4 .1 )
V "
---------------
commutes. This yields the equalities
S .% )  ËS& i.
1
" Ü. • E m .3 ^ < („ ) .  a n d  = % .  2d ( n )  •
Because proj,,, » is a surjection one may conclude that a . o,, . : - — n - ^ ( n )
“«(n)' ”o"'n = ’'o‘H„,dd(n)’'
In a similar fashion one mav show that H„(f0 -r ) =
V'n,«5?5(n)^-
One may in the same way show that inv lim ((p,d) . (p_,̂ )) =
- 1inv lin (p,^) . inv lin (p,25) = h l|St’(0) and inv lin ((p,j5) .
- 1(p,d)) = inv lim (P_,̂ ) . inv lin (p,(6) = h ~ h = l|St’(G). Let y =




S f ( 0
V -  ■ j „ w
s-t'Ct) ^  ■» C^„,
4
com m utes. T h is  y i e l d s  t h e  r e s u l t
EE2.\ = 1 • Ed(n) '
B ecause  p r o ] , , ,  ■. i s  a  s u r j e c t i o n ,  one can  c o n c lu d e  t h a t  p  n , ,  \ =  ^ o C n )  J J '  n ©(n)
T h e r e f o r e  H j ( f ^  ) .  S im i la r -
l y ,  ~ H^(y^ 25j5(n )^*  a p p ly in g  ( 1 5 .1 0 )  one  can co n c lu d e
T h »  f n  ^ ( n )  end  4  h t n  T h is  i m p l ie s
t h a t  ( f . ? i )  and  (f_>^) a r e  i n v e r s e  shape  e q u i v a l e n c e s .
C o r o l l a r y  1 5 .1 5 . The isom orph ism  c l a s s e s  o f  t h e  i n v a r i a n t  
c h a r a c t e r i z e  t h e  shape  c l a s s e s  o f  p l a n e  co m p a c ta .
16 . I l l u s t r a t i v e  e x a m p le s . We p r e s e n t  t h r e e  com pacta  K^, K^, 
and  Kg w hich  w i l l  a l s o  be u s e f u l  i n  l a t e r  c h a p t e r s .  F o r  b r e v i t y  and 
c l a r i t y  we e x h i b i t  Kg i n  f i g u r e  ( 1 6 .1 )  and  g i v e  i n s t r u c t i o n s  f o r  
c o n s t r u c t i n g  K^ and  from  i t .  The compactum K^ i s  o b t a i n e d  by o m it ­
t i n g  t h o s e  com ponents  o f  K i n  one o f  t h e  d i s k s  com plem en tary  t o  th e  
l i m i t i n g  f i g u r e  e i g h t ;  t h e  compactum K^, by o m i t t i n g  com ponents  from 
two o f  t h e  com plem entary  d i s ; : s .  I n  f i g u r e  ( I G . I )  a r e  p r e s e n t e d  th e  
v a lu e s  o f  St^ (K^) f o r  1 ^ i  ^ 3 .  I t  i s  a p p a r e n t  t h a t  t h e s e  v a lu e s  a r e  
n o t  i s o m o r p h ic ,  so  t h a t  t h e  com pac ta  do n o t  have  t h e  s a n e  s h a p e .  N ever­
t h e l e s s ,  t h e i r  com plem ents i n  t h e  p l a n e  a r e  hom eom orphic .
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ADDENDA.
1 .  The seco n d  i n d u c t io n  s t e p  i n  ( 1 3 . 3 . 2 ) . I f  n ( l )  f  P ,  p r o c e e d
w i t h  t h e  i n d u c t i o n  i n  t h e  se co n d  p a r a g r a p h  o f  ( 1 3 , 3 . 2 ) .  Suppose t h a t
n ( l )  = P . Then t h e r e  i s  an i n t e g e r  J  such  t h a t  when j  ^  J  we have
X. p . = s  . L e t  q be  a s  b e f o r e  t h e  g r e a t e s t  i n t e g e r  f o r  w hich  x . =
s  . A ga in  we may deduce  t h a t  s  = t , f o r  some d 1 o r  s  = 
q q d , q  q
t ^  q .  I f  t h e  f i r s t  p o s s i b i l i t y  o b t a i n s ,  t h e n  t h e  f a c t  t h a t
H ( V  ) ( t .  ) = 0  f o r  i  > 1 im p l i e s  t h a t  d = 1 .  I n  e i t h e r  c a s e  l e t1 P»q  i » q  -
n ( 2 ) = q an d  p r o c e e d  w i th  t h e  i n d u c t i o n  i n  t h e  se co n d  p a ra g r a p h  o f
( 1 3 . 3 . 2 ) .
2o P r o p e r t i e s  1 3 .1 3 .1 - 3 .
g
1 3 .1 3 .1 )  The s e t  o f  u  i s  a  l o c a l  b a s e  a t  t ,  .n  k
1 3 .1 3 .2 )  The s e t  o f  w i s  a  l o c a l  b a s e  a t  0 .n
1 3 .1 3 .3 )  F o r  each  component o f  C w i th  sh ap e  number g r e a t ­
e r  t h a n  o n e ,  e i t h e r  L ^ o  u^ = j6 o r  u^ c o n t a i n s  p r e c i s e l y  t h e  e l e m e n t s
a n d  t^** and  t h e  r e m a in in g  e le m e n ts  o f  b e lo n g  t o  w^.
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